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1. Introduction

Let G be a connected graph with vertex set V and edge set E, and let T be the
multiplicative group of complex units, i.e., T = {z € C* | |z| = 1}. For any number
z € C, denote by z* the conjugate of z, and z, and z; the real part and the imaginary
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part of z, respectively. The complex unit gain graph ® = (G, T,y) is a graph with
another structure ¢: E — T such that o(vu) = o(uv)* for any {u,v} € E, where
E = {uv,vu | {u,v} € E} is the set of oriented edges; see [13]. The graph G is the
underlying graph of ® and the function ¢ is the gain function of ®. The adjacency
matriz of ® is an n x n matrix A(®) = [a,;] defined by a;; = ¢(viv;) if {v;,v;} € E
and 0 otherwise. Clearly, A is always a Hermitian matrix. Thus, the eigenvalues of A
are real and can be ordered as Ay > Ay > .-+ > \,, where n = |V|. The eigenvalues
of A(®) are called the eigenvalues of ®. The multiset of all eigenvalues together with
their multiplicities is the spectrum of ®, denoted by Sp(®). For convenience, we shall
abbreviate the “complex unit gain graph” to C'-graph.

Two C-graphs ® = (G, T,p) and ® = (G,T,¢’) are switching equivalent
if there is a map (: V(G) — T such that ¢'(w) = ((w)*¢(uwv)¢(v). In this
case, the map ¢’ can be written as ¢(. Note that diag(¢(v1),((va),...,C(v,))"t =
diag(¢(v1)*,C(va)*, ..., C(v,)*). It leads to that

A(®') = diag(¢(v1), C(v2), - - -, ((vn)) T A(P)diag(¢ (v1), C(v2), - - - C(vn)).

Therefore, ® and ®’ share the same spectrum. It is clear that the switching equivalence
is an equivalent relation. Denote by [®] the equivalence class containing ®. By simple
observations, we have the following result.

Lemma 1. Let & = (G, T,¢) be a C-graph and v € V(G). Then there exists ®' =
(G, T,¢") € [®] such that ¢’ (uwv) =1 for any {u,v} € E(G).

Proof. Let ¢ be such that ((v) = ¢(vu) for any v € N(u) and ((z) = 1 for any = €
V(G) \ N(u). Therefore, (¢¢)(vu) = ((u)*p(uv){(v) = 1 for any u ~ v. Thus, the
C-graph @ = (G, T, ¢() is as desired. O

Clearly, each graph G can be regarded as a C-graph ® = (G, T, ¢) with ¢(uv) = 1 for
any {u,v} € E(G). The adjacency matrix of this C-graph is just the adjacency matrix
of the graph G. Recall that a mized graph D is defined to be an ordered triple (V, E, A),
where V' is the vertex set, and F and A are respectively the undirected edge set and the
directed edge set with ENA = . The underlying graph of D is an undirected graph T'(D)
with vertex set V and u ~ v if either uv € A, vu € A or wv € E. The mixed graph D
can be regarded as the C-graph ® = (I'(D), T, ) with p(uv) =1ifuv € E, i if uv € A
or —i if vu € A. Therefore, the adjacency matrix of the C-graph is just the Hermitian
matrix of D, which is proposed by Liu and Li [10] and Guo and Mohar [8] independently.
For the recent results on this topic, we turn the readers to see [1,4,9,12,14], for examples.

Throughout this paper, we always write K, Ky, n,,..n, and P, for the complete
graph, the complete multipartite graph and the path respectively. For two positive num-
bers m,n, denote by e, the all-one vector of length n, I,, the identity matriz of order
n and J,,xn, the all-one matriz of order m x n. If the sizes of such matrices are clear,
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we delete the subscripts. Denote by G the complement of G and GV H the join of two
graphs G and H. If p(uv) =1 for all uwv € E, we simply denote ® = (G, T, ¢) by G'.

We finally define a graph which will play an important role in the paper. Let
Vi, Va, ..., Vi be the color sets of Ky, pn,, . n,- If the C-graph ® = (Kp, ny,omps L5 9)
satisfies:

(a) p(vsvr) =N for any vy € Vg, v € Viand 1 < s <t < k;
(b) m: =1for any 2 <t <k,

then @ is called a standard k-partite graph, denoted by (Kp, ny.ome; st | 2 < s <

t < k]). Clearly, the undirected graph K, ,. . is a standard k-partite graph,
that is, K;Lhn%__,nk = (Knina,ne; [1, 1, ..., 1]). In particular, we write I?n17n27n3 for

(Kn11n27n3; [Z])

The rest of the paper is organized as follows. In Section 2, some preliminary results are
stated. In Section 3, we characterize the structure of C-graphs with exactly one positive
eigenvalue, which urges us to determine the C-graphs with rank 2. In Section 4, we find
a characterization of C-graphs with exactly one positive eigenvalue. As a derived result,
we investigate the C-graphs with exactly two eigenvalues different from 0 and —1, and
propose two problems for further study.

2. Preliminaries

Let ® = (G, T, ) be a C-graph. For an induced subgraph H of G, the corresponding
induced complex unit gain graph, denoted by ®[H], is defined as ®[H] = (H,T,¢’)
satisfying ¢’ (uv) = @(uv) for every uwv € E. If V(H) = {v1,vs,...,vm}, then we also
write ®[vy, v, ..., Vpy] for ®[H]. It is clear that the adjacency matrix A(®[H]) is just the
principal submatrix of A(®) induced by the vertex set of V/(H). Therefore, by Corollary
4.3.37 [5] we know that the famous interlacing theorem also holds.

Lemma 2. Let ® = (G, T, p) be a C-graph with order n, and H be a subgraph of G. If the
eigenvalues of ® and ®[H] are \y > Aoy > -+ > Ay, and p1 > po > -+ > [y, respectively,
then Ap—mti < g < Xg for 1 <i <m.

Let m: V(G) = Vi UVLa U ---UV; be a partition of V(G) with |V;| = n; and n =
ny +ng +---+n, For 1 < j <s, each vertex set V; is called a cell of the partition .
For 1 <i,j < s, denote by A; ; the submatrix of A(®) whose rows are corresponding to
V; and columns are corresponding to V;. Therefore, the adjacency matrix A(®) can be
written as A(®) = [A;;]. Denote by b;; = e” A;;e/n; the average row-sums of A4;;, where
e denotes the all-one vector. The matrix A; = (b;j)sxs is called the quotient matriz of
A(®). If, for any 1, j, the row-sum of A;; corresponding to any vertex v € V; equals to
bi;, then 7 is called an equitable partition of ®. Let dy;, be a vector indexed by V(G) such
that oy, (v) = 1 if v € V; and 0 otherwise. The matrix P = [dy,dv, - - dy.] is called the
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characteristic matriz of w. If 7 is an equitable partition, then A(®)P = PA,. It leads
to the following famous result.

Lemma 3 ([7, Theorem 9.3.3, page 197]). Let ® be a C-graph and 7 an equitable partition
of ® with quotient matriz A, and characteristic matrix P. Then the eigenvalues of A, are
also eigenvalues of A(®). Furthermore, A(®) has the following two kinds of eigenvectors:

(i) the eigenvectors in the column space of P, and the corresponding eigenvalues coincide
with the eigenvalues of Ax;

(ii) the eigenvectors orthogonal to the columns of P, i.e., those eigenvectors sum to zero
on each cell of .

We end up this section by a characterization of complete multipartite graphs.

Lemma 4. A connected graph is complete multipartite if and only if it contains no induced
KyUK;.

Proof. Assume that G is a complete multi-partite graph. Suppose to the contrary that G
contains induced KU K7, say G[vy, v, v3] = Ko UK; and Glvy, v3] = Ks. Since vz » vy,
the vertices v; and v3 belong to a same color set. Since v3 » vg, the vertices vy and wvs
belong to a same color set. Thus, v; and v, are in a same color set, which contradicts
the fact v; ~ vo. And the necessity follows.

Conversely, assume that the connected graph G contains no induced Ko U K7. Assume
that G is k-chromatic graph and Uy, Us, ..., Uy are color sets of G. It is clear that there
exists an edge between any two color sets. Suppose to the contrary that G is not complete
multipartite. There exist two vertices in different color sets, say u; € Uy and us € Us
such that u; » uy. Note that there is an edge between U; and Us, say uj € U; and
ub € Us such that uf ~ uh. If uy = ufy then Guj,ub,u1] = Ko U Kq; if ug ~ u} then
Gluy, uh,ug) = Ko U Ky; if ug ~ uh and ug ~ uj then Gluy,uh, ug] = Ko U K7. All cases
lead to an induced Ky U K7, a contradiction. Hence, the sufficiency follows. 0O

3. Main results

In this part, we first determine the C-graphs on n vertices with A\, > —1. Secondly,
we characterize the structure of C-graphs with exactly one positive eigenvalue. As an
application, we obtain the C-graphs with rank 2, which is the main result in [15].

The fact that a connected graph is complete if and only if it contains no induced P;
yields the following result.

Lemma 5. If a connected C-graph ® = (G, T, ) of order n has exactly one non-negative
eigenvalue or A, > —1, then G is complete.
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Proof. Suppose to the contrary that Ps is an induced subgraph of G. Since ®[Ps] has
spectrum {v/2,0, —/2}, we have A\o(®) > 0 and \,(®) < —+/2 by Lemma 2, a contra-
diction. O

We now determine all C-graphs with A, > —1.

Proposition 1. Let \y > Ay > -+ > A, be all eigenvalues of the connected C-graph
&= (G, T,p). Then A\, > —1 if and only if & € [K]].

Proof. The sufficiency is clear and we only prove the necessity. Since A, > —1, Lemma 5
means that G is complete. Set V(G) = {v1,v2,...,v,}. By Lemma 1, there exists &' =
(G, T,¢") € [®] such that p(viv;) = 1 for 2 < j < n. Now we consider ®'[vy,v;, vg]
for any {j,k} € {2,3,...,n}. By Lemma 2, we have A3(®'[v1,vj,v,]) > A, > —1.
Suppose that ¢'(vjvr) = a. Then the characteristic polynomial of ®[vy,v;,vg] is given
by f(x) = 23 —3x—2a,. Note that f(—1) = 2(1—a,). If a, < 1, then f(—1) > 0, and thus
A3(®'[v1, v, v,]) < —1 due to the image of the function f(x), which is a contradiction.
Thus, we have a, = 1, that is a = 1. It leads to ¢'(vjvy) = 1 for any j, k. Thus,
=K. O

We next consider the C-graphs with Ay < 0.

Lemma 6. If the connected C-graph ® = (G, T, ) of order n has exactly one positive
eigenvalue then G is complete multipartite.

Proof. Sine the connected graphs with 2 < n < 3 are complete multipartite, we may
assume n > 4. Let \y > Ay > --- > A, be the eigenvalues of ® with A\; > 0 and Ay < 0.
According to Lemma 4, it suffices to show that GG contains no induced KU K;. Suppose
to the contrary that Ko U K is an induced subgraph of G. It is clear that one of 2K, Py
and K 1+ 3 is an induced subgraph of G, where K 1+ 3 is the graph obtained from K; 3 by
adding a new edge. Denote by V(K7 3) = {v1,vs,v3,v4} such that the degrees d(v;) = 1
and d(ve) = 3. Assume without loss of generality that ¢(vav1) = p(v2v3) = @(v2uy) =1
and ¢(v3vs) = a. By immediate calculations, the characteristic polynomial of ®[K f‘ 5] is
f(x) = a*—42% —2a,2+1. Since f(0) = 1 > 0 and f(x) has a positive root, by the image
of the function f(z), we have )\Q(Kfrg) > 0. Note that we also have A2(®[2K5]) =1 >0
and A2(®[Py]) = 0.62 > 0. By Lemma 2, we have Ay > 0, a contradiction. O

Lemma 7. Let ® = (G, T,¢) be a C-graph with G = Kp, n,...np and Vi, Vo, ...,V
being the color sets of G. If Ay < 0, then there exists a standard k-partite graph ®' =
(Knymg..omis Mst | 2 < s <t <k]) such that ® € [D].

Proof. By Lemma 2, any induced C-graph ®[H] of ® satisfies A\2(®[H]) < A2(P) = 0.
This fact will be used frequently. Assume that V; = {U1 ,vé See ,UELJJ }for1 <j<k.

Lemma 1 implies that there exists &1 = (G, T, ¢1) € [®] such that <p1(v£1 v) =1 for any
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v e V(G)\Vi. For any 2 < s < k and v(s) (S) € Vs, the characteristic polynomial of
@1[05 ), (1 ), g), é)]

T 0 -1 -1
1), () (1), (s)
0 _
f(l’) — det ?i) () 901(“2 Va ) (U2 Up )
-1 —p1(vs’va”’) x 0
-1 —wl(vél)vlgs))* 0 T

= 2 — 42?4+ 2(1 — (o1 (v o)1 (50N, ).

Since )\2(<I)1[v§1),v§1),vés), (s)]) < 0, we have f(0) = 2(1— (1 (vy (1) (S)) (vél)vés)) )r) <

0 which leads to wl(vé )vt(f)) (vgl)vés))* = 1. Thus, wl(vé )vt(f)) = (vgl)vé ).

Thereby, we have ¢ (vé )vé )) = c15 is a constant only dependent on s. By taklng amap ¢

such that C(vél)) = ¢12 and ((x) = 1 for any other vertex x we obtain (cpﬁ)(vé”vé”) 1
for any v\ € V5 and (p10)(uv) = @1 (uv) for any u ~ v and u,v # vél). Thus, by taking

w2 = (p1¢) and &5 = (G, T, p2), we have @2(U§ )v) =1 for any v € V(G) \ V1 and

<p2(v§1)v,(f)) = 012015 = ¢}, for any v$¥) € V,. In particular, 012 = 1. Note that for any

3 <t<kanduw (t) ¢ V4, the characteristic polynomial of <I>2[v1 ), vél), 1);2), (t)] is

T 0 —1 —1
-1 -,
= det
gy =det] v —pa (00"
% 2
1 —(chy)* —pa(0P ey z

= 2 — 522 = 2(p2(vP0) + L (WP 0N )+ 2(1 — (¢hy)s)-

Since )\2(<I>2[vl ,vél),v§2)7 ()]) < 0, we have g(0) = 2(1 — (cf4)r) < 0. It leads to
ciy = 1 for any 3 < t < k. Therefore, we have gpg(vg )11) = ()02(1]51)'()) = 1 for any
v € V(G) \ V1. Similarly, by considering ’Uj(-l
obtain ® = (G, T, ¢’) such that ¢ (vg(cl)v) =1 for any vi"” € 1} and v € V(G)\ V1.

In what follows, we show that ¢ (v((l )vé )) is a complex number 7, not really depending

on a and b. Suppose to the contrary that there exist ¢ (va v(t)) # @ ( vlg,)) for some

2 < s,t < k. Note that the characteristic polynomial of @'[vgl), &) vl()t) vl(f)] is

)

) for every 3 < j < np, we can ultimately

x ~1 ~1 ~1
fi() = det | v —¢'(w0y) ¢ (i)
) =aet (), &)y«
1 —¢'(va v, )" x 0
—1 @) 0 v

= — 522 + 2(1 — (¢ (WP o) (WP0)),),
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and the characteristic polynomial of <I>'[v§1), véf), e ), l(ls)} is

x -1 -1 -1
(), (s) (t),,(5)
_1 / a / ’
fQ(x) — det (Jt:) ()1 (vb v ) —p (Ub a )
-1 —¢'(vy'va’)* x 0
—1 = (W) 0 x

=z* - 527 +2(1 - (p (véf) ())' (vlﬁf) (6)) )r)-
Since Ag(@'[l}%l),v((ls),vét),véf)]) Ao (@' [0lY vl(),) 8, ((j)]) <0, we get

£1(0) = 2(1 = (¢ (W0 (0P 00)*),) <0 and
£2(0) = 2(1 — (¢ (o) (05080)),) <0,

(), ()

(S (s) (t)) = ¢'(v$vy)) and (p'(véf)vés)) =y (vé’f)v(/)). Therefore,

= (v((l,)vlg,))7 a contradiction.

which result in ¢
o (s) (t))

Vg 'V
The proof is completed. O

The following result follows from combining Lemmas 6 and 7.

Theorem 1. If the connected C-graph ® = (G, T, ¢) has ezxactly one positive eigenvalue,
then there exists a standard k-partite graph " = (Kp, ny....mie; st | 2 < s <t < k]) such
that ® € [P'].

As an application of the above theorem, we can characterize the C-graphs with rank 2,
which is the main result in the paper [15].

Proposition 2. Let ® = (G, T, ) be a connected C-graph of order n. Then ® has rank 2
if and only if ® € [K]

1, nz] for some positive integers ni,ns with n1 +no =n or ® €

[Kll,lz,ls] for some positive integers Iy, 12,13 with Iy + 1o + 13 = n.

Proof. Assume that ® = (G, T, ) has spectrum {a, [0]"~2, 3}. By Theorem 1, G € [®']
where & = [(Ky, na,...n; [Mst | 2 < s <t < kJ])]. Since any principal minor of A(®’) with
order 3 has determinant 0, for any 1 <[, s,t < k, we have

0 ms m
det A( [U1 7U§S)7 U§ )]) = det Nsi 0 Nst = 2(77ls775t77tl)1‘ = 0.
nu s 0

It leads to that msnsemu = +i. Suppose that & > 4. Therefore, by taking {l,s,t} =
{1,2,3}, {1,2,4} and {1, 3,4} respectively, we have
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712723731 = 723 = =,
712724741 = Tjo4 = =,
713734741 = 734 = .

Therefore, we have

0 1 1 1
1

det A(@[vgl)v?)v{g)v?)]) = det 2 123 124
Lm0 m3g
L myy m34 O

=3 — 2(n23M34 + 123054 + M24M34)r 7 O,

which is a contradiction. Thus, we have k < 3. If k = 2, then &' = K,,, ,, by 12 = 1. If
k=3, then & = K, 1,1, by 123 = +i.

Conversely, it is well-known that K,, ,, has only one positive eigenvalue. In fact,
Sp(Kny my) = {y/minz,[0)" 2, —\/nins}. Assume that the color sets of K, n,n, are
Vi, Va2, Vs and |V;| = n; for 1 < j < 3. Denote by d,,_,, the vector with d,,_,,(z) =1 if
x = v, —1 if = vy, and 0 otherwise. It is easy to verify that A(®)d,,_,, = 0 for any
{vs,v¢} CVj and 1 < j < 3. It implies that 0 is an eigenvalue of ® with multiplicity at
least n — 3. Note that m: V = V; U V5 U V3 is an equitable partition of ® with quotient
matrix

0 %) ns
Aﬂ = ny 0 ’I’Lgi 5
ny —’ngi 0

whose eigenvalues are 0 and 4+/nins + naong + ngny. Thus, Lemma 3 indicates that
SP(Kny na.ns) = {v/nina + nang + nanq, [0]" 2, —/ning + nang + ngn }, which has ex-
actly one positive eigenvalue.

This completes the proof. 0O

Note that the converse of Theorem 1 is not true. For example, the standard 3-partite
graph ® = (K71 1;[—1]) has spectrum {[1]?,—2}. In the next section, we will further
investigate the conditions for a C-graph having exactly one positive eigenvalue.

4. Further results and discussions

Let ® = (Kny na,....np; Mst | 2 < s <t < k) be a standard k-partite graph with color
sets V1, Vs, ..., V. It is clear that m: V =V; UVo U--- UV} is an equitable partition of
® with quotient matrix
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[0 1 1 1] [ 0 0 0]
1 0 123 N2k 0 no 0 0
A, I ns2 0 - 73 0 0 mng 0
|1 k2 ks - O | [ O 0 0 -0 my

As similar to the proof of the sufficiency part of Corollary 2, the spectrum of ® consists
of 0 with multiplicity n — k and the k eigenvalues of A, due to Lemma 3. Thus, ® has
exactly one positive eigenvalue if and only if A, has exactly one positive eigenvalue. Note
that the matrix A, is congruent to the matrix

- 4 -1/2 - -

ni 0 0 0 1 1 1
0 ng 0 -~ 0 1 0 ma3 -+ Mo
A=10 0 ng --- 0 |1 om0 - Mk
L0 0 0 Nk | 1 me2 ks 0 |
fny 0 0 01"
0 ny O 0
0 0 n 0|
(00 0 - omg]

which is similar to the matrix

1 1 - 1

0 m3 -+ Mo

A = m2 0 - mag
L1 k2 ks - 0

Therefore, A, has exactly one positive eigenvalue if and only if A” has exactly one pos-
itive eigenvalue. Let ®, = (K, T, ¢) be a C-graph such that V(K,,) = {v1,v2,..., 0%}
and p(v1vs) = 1 for any 2 < s < k and ¢(vsvy) = ngt for 2 < s < t < k. The C-graph
., is called the congruent quotient graph of the standard k-partite graph ®. Clearly, the
adjacency matrix of ®, is A”. Thus, we have shown the following result.

Lemma 8. The standard k-partite graph ® = (Kp, ny, mps st | 2 < s <t < E]) has
ezxactly one positive eigenvalue if and only if @, has exactly one positive eigenvalue.

Combining Theorem 1 and Lemma 8, we get the following result.
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Theorem 2. The connected C-graph ® = (G, T, ¢) has ezxactly one positive eigenvalue if
and only if there exists a standard k-partite graph ®' = (Kn, ny,...ne;Mst |2 < s <t <
k]), whose congruent quotient graph ®!. has exactly one positive eigenvalue, such that
o e [9].

As stated above, to completely determine the C-graphs with exactly one positive
eigenvalue, it only needs to determine the @, with exactly one positive eigenvalue.

Lemma 9. Let ® = (K,,, T, ) be a connected C-graph with vertex set V.= {v1,va,..., v}
and p(vivs) = 1 for any 2 < s < n. If & has exactly one positive eigenvalue, then
(p(vsve))r = 0 for any 2 < s < t < n and (p(Vavp)P(Veve)P(VVe))r = 0 for any
2<a<b<c<n.

Proof. Let \y > Ay > --- > ), be the eigenvalues of ®. Since Ay < 0, for any in-
duced subgraph H of K, we get \y(P[H]) < 0 by Lemma 2. For any 2 < s < t < n,
the characteristic polynomial of ®[vy,vs,vs] is f(z) = 23 — 32 — 2(p(vsvy)),. Since
Ao(P[v1,vs,v¢]) < 0, we have f(0) = —2(p(vsvr))r < 0, and thus p(vsvy), > 0. By
considering ®[v,, vy, v.], one can similarly obtain (@ (vevs)@(vVeve)p(Vevy))r > 0. O

Unfortunately, it could happen that a C-graph ® = (K,,T,p) with V =
{v1,va,...,v,} satisfies

(p(vsvy))r >0 for 2 < s <t <n, and (p(vavp)P(Vpve)P(VeVg))r > 0

for2<a<b<c<n,

yet ® has more than one positive eigenvalue. For example, the C-graph ® = (K4, T, ¢)
with p(vivs) = 1 for 2 < s < 4, p(vavz) = 1/V2 — i/V2, p(vsvy) = 1/V/2 +i/V/2
and @(vqve) = 7/25 + 24i/25 has spectrum {2.72,0.05, —0.78, —1.99}. It satisfies the
conditions in Lemma 9 but has two positive eigenvalues. Remark, Lemma 1 implies that
any C-graph with underlying graph being the complete graph K}, corresponds to a graph
®,.. We propose the following problem to end this topic.

Problem 1. Completely determine the C-graphs ® = (K., T, @) with exactly one positive
eigenvalue.

Recently, research on graphs with two eigenvalues having high multiplicity has at-
tracted attention. With respect to adjacency matrix of undirected graphs, Cioaba,
Haemers, and Vermette [2,3] characterized the graphs with all but two eigenvalues equals
to £1, and the graphs with all but two eigenvalues equal to —2 or 0. For the distance ma-
trix of undirected graphs, Lu et al. [11] characterized the graphs with all but two distance
eigenvalues equal to —1 or —3. Huang et al. [6] determined the graphs with all but at most
three distance eigenvalues equal to 0 or —2. Motivated by such works, we try to character-
ize the C-graph ® = (G, T, ¢) with exactly two eigenvalues different from 0 and —1. By
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Corollary 1, such ® has exactly one positive eigenvalue and one negative eigenvalue less
than —1. Therefore, by Theorem 1, there exists &' = (Kp, ny..ni; st | 2 < 8 <t < k])
such that ® € [®'].

By arguments above, to make sure that ® has exactly two eigenvalues different from
0 and —1, it only needs to make sure that A, has exactly two eigenvalues different from
0 and —1. However, it is not easy to deal with this problem. We here present a result
below.

Theorem 3. Let ® = (G, T, ) be a connected C-graph of order n such that G contains
no Ky as its subgraph. Then ® has exactly two eigenvalues different from 0 and —1 if
and only if ® € [®'], where ' is Kp, nys Knymgng 07 (Knyngons; [M23]) with (n23)r =

ninstmnonsztnsn —1
2ninasns :

Proof. The sufficiency follows from direct calculations. We next show the necessity. Sup-
pose that —1 is not an eigenvalue of ®. Then, ® has rank 2, and Corollary 2 leads to
® € [Kp, my] OF ® € [Kp, 1y.ms]- Suppose that —1 is an eigenvalue of ®. Since ® has only
one positive eigenvalue, Theorem 1 indicates that there exists ® = (K, ns....ne; [Mst |
2 < s <t <k]) such that ® € [®']. Since G contains no Ky, we have k € {2,3}. If k =2
then ® = K,,, ,, which has no —1 as an eigenvalue. If k = 3 then ® = (K, ny.ns; [723])

and
0 1 1 nt 0 O
Aﬂ' - 1 0 123 . 0 N9 0
1 m32 0 0 0 ng

Therefore, ®’ has —1 as an eigenvalue if and only if A; has —1 as an eigenvalue if and
only if det(A, + I) = 0 if and only if (13), = Mnetnenatnan -1

2n1n2n3

The proof is completed. O
We end up this paper by proposing the following problem.

Problem 2. Completely determine the C-graphs with exactly two eigenvalues different
from 0 and —1.
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