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1. Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G), and let Ty = {1, —1,1, —i}
be the group of fourth roots of unit. For any number z € C, denote by z* the conjugate
of z, and Re(z) and Im(z) the real part and the imaginary part of z, respectively. The T4-
gain graph ® = (G, T4, ) is a graph with additional structure @: E(G) — T4 such that
@(uv) = @(vu)~! for any {u, v} € E(G), where E(G) = {uv,vu|{u,v} € E(G)} is the set of
oriented edges. The graph G is the underlying graph of ® and the function ¢ is the gain
function of ®. Each simple graph can be seen as a T4-gain graph where the gain of each edge
(if there exists any) is 1. The adjacency matrix of ® isan n x n matrix A(®) = [a;;] defined
by a;j = @(v;v)) if {vi,v;} € E(G) and 0 otherwise. Clearly, A(®) is a Hermitian matrix.
Thus, the eigenvalues of A(®) are real. The eigenvalues of A(®) are called the eigenvalues
of ®. The multiset of all eigenvalues together with their multiplicities is the spectrum of @,
denoted by Sp(®), that is Sp(®) = {Agmll, )Lng], . A,Emk] },where A1, A, ..., Ak areall the
distinct eigenvalues and ; is the multiplicity of the eigenvalue A; (1 < j < k). The number
of positive, negative and zero eigenvalues of ® are defined as positive inertia index, negative
inertia index and nullity of ®, denoted by p(®), n(P) and n(P), respectively. The rank
rank(®) of ® is the number of non-zero eigenvalues of ®, i.e. p(P) + n(P) = rank(P).
For u € V(G), we denote its neighbourhood and its degree by N () and dg(u), respec-
tively. A pendant vertex is the vertex of degree 1 and a cut vertex of G is a vertex whose
removal increases the number of connected components of G. Let ® = (G, T4, ¢) be
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a Ty4-gain graph. If v is a cut vertex of G, we also say v is a cut vertex of ®. For an
induced subgraph H of G, the corresponding induced T4-gain graph, denoted by ®[H], is
defined as ®[H] = (H, Ty, ¢’) satisfying ¢’ (uv) = ¢(uv) for every uv € E(H).IfV(H) =
{vi,v2,...,Vm}, then we also write ®[vy,v2,...,vy] for ®[H]. It is clear that the adja-
cency matrix A(®P[H]) is just the principal submatrix of A(®) induced by the vertex set of
V(H). Let v € V(G), we write ® — v for the induced subgraph obtained from & by delet-
ing the vertex v and all edges incident with v. For an induced subgraph ®[H] of ® and a
vertex v € V(G)\V(H), denote by ®[H] + v, the induced subgraph of ® with vertex set
V(H) U {v}. Throughout this paper, we always write K;;, Ky, u,,...n, and P, for the complete
graph, the complete multipartite graph and the path respectively. Denote by I,, the identity
matrix of order n. Let J,xm and 0%, be respectively the all-one and the all-zero n x m
matrices. Let 1,, = J,x1 and 0,, = 0,,«1. If the size of these matrices are clear from the
context, we often delete the subscripts.

The converse ®T = (G, T4, ¢ ") of a T4-gain graph ® = (G, T4, ¢) is the T4-gain
graph with " (uwv) = p(uv)~! for any {u, v} € E(G). Clearly, A@T) = A(®)T, and thus
® and @ are cospectral. Two T4-gain graphs ® = (G, T4, ¢) and &' = (G, T4, ¢")
are switching equivalent if there is a map 6 : V(G) — T4 such that either ¢'(uv) =
0 (1) Lo (uv)O (v) forall {u, v} € E(G) or ¢’ (uv) = 6(u) Lo T (uv)@(v) for all {u, v} € E(G).
In this case, the map 6 is called a switching equivalent transformation from ® to ®’. Let D =
diag(0 (v1),0(v2), . ..,0(v,)). Then either A(®') = D™'A(®)D or A(®') = D'A(®T)D
and thus ® and @’ share the same spectrum. It is clear that the switching equivalence is an
equivalence relation, and let [®] denote the equivalence class containing .

Note that a mixed graph G (resp. signed graph I'(G)) is a T4-gain graph in which only 1
and =i (resp. +1) gains are used. Hence, T4-gain graphs can be seen as the generalizations
of mixed graphs and signed graphs. For more advances on mixed graphs and signed graphs,
we refer the reader to [1-8], for examples.

The study of graphs with few eigenvalues has attracted much attention. With respect
to simple graphs, Smith [9] characterized all simple graphs with exactly one positive
eigenvalue; Oboudi [10] completely characterized the simple graphs with exactly two non-
negative eigenvalues. With respect to signed graphs, Yu et al. [7] determined the signed
graphs with exactly one positive eigenvalue and the signed graphs containing pendant ver-
tices with exactly two positive eigenvalues; X.L. Wang et al. [5] extended the above work
to the signed graphs containing cut vertices with exactly two positive eigenvalues. With
respect to mixed graphs, Wissing and van Dam [3] characterized all mixed graphs with
exactly one negative eigenvalue; Wei et al. [4] investigated relations between the number
of positive (negative) eigenvalues of a mixed graph and those of its underlying graph; Yuan
et al. [8] provided a characterization of mixed graphs with exactly one positive eigenvalue,
and studied some classes of mixed graphs determined by their H-spectra. With respect to
gain graphs, Lu et al. [11] characterized the structure of complex unit gain graphs with
exactly one positive eigenvalue and investigated the complex unit gain graphs with exactly
two eigenvalues different from 0 and —1; Zaman et al. [12] investigated relations between
the number of positive (negative) eigenvalues of a complex unit gain graph and those of its
underlying graph. Motivated by such works, in this paper, we characterize the structure of
the T'4-gain graphs with exactly one positive eigenvalue and determine the T4-gain graphs
with cut vertices having exactly two positive eigenvalues.
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2. Preliminaries

Firstly, we define a graph which will play an important role in the paper. Let Vi, V>, ..., Vi
be the colour sets of K, n,,....n,- If there exist n;; € T4 for 1 < i < j < k such that the T-
gain graph ® = (K, ny,....n;> L4, @) satisfies:

(@) @(vsvr) =ngforanyvs € Vv, € Viand1l <s <t < k;
(b) m=1forany2 <t <k,

then @ is called a standard k-partite graph, denoted by (K, n,,..n st 12 <s <t <
k]). Clearly, the simple graph Ky, ,....», is a standard k-partite graph, namely, K;;, 4,, .0, =
(Kny,np,..oms [1, 1, ..., 1]). In particular, we write f{m,nz,ns for (Ky, ny,n35 [1])-

Let u, v be distinct vertices of ® = (G, T4, ¢). If Ng(1) = Ng(v) and ¢(uw) = £p(vw)
for all w € Ng(u) with & € {1, —1,1, —i}, we say that u and v are twin points and denoted
this relation by #Rv. It is easy to see that R is an equivalence relation on V(G). A T4-gain
graph & = (G, T4, ) is said to be reduced if, for each vertex v in ®, v has no twin points.
One can easily see that deleting a twin point of a given vertex from a graph does not change
its inertia indices. In fact, we will see that such operation is invertible. To see this, we first
introduce a graph transformation. Given a graph G with vertex set V(G) = {v1,...,v,}
and a vector m = (m;, my, .. ., m,) whose components are positive integers, we denote by
G o m the graph obtained from G by replacing each vertex v; of G with an independent set
of m; vertices v}, vf, cens v;"i and joining v; with v; if and only if {v;, v;} € E(G). For a Ty-
gain graph ® = (G, T4, ¢),let ® o m = (G o m, T4, ¢’) be a T4-gain graph with (p’(vf.v;) =
@(vivj) forany {v;, vj} € E(G),1 <s < m;and 1 <t < m;. Now we get the following result.

Lemma 2.1: Let ® = (G, Ty, ) be a Ty-gain graph. Then there exists a reduced T 4-gain
graph @' = (G, T4, ¢') having the same inertia indices as that of ®, and a vector m such
that ® € [®' oml].

Proof: 1f ® isreduced, then let ' = ® and the result holds with ® andm = (1,1, ...,1).
If @ is not reduced, then there is an equivalence partition V(G) = VUV, U--- UV,
with respect to R. Assume |Vj| = m; and V; = {vjl,vjz,...,v;nj} for 1 <j <p. By the
definition of twin points, foreach1 <j <pand1 <k < mj, thereisa Sjk e {l,—1,i, —i}
such that go(vjl w) = éjkgo(vjl-‘w) forallw e Ng(vjl). Especially, &; = 1. Let b= (G, T4, ¢1)
be a Ty4-gain graph with <p1(v]’.‘v§) = (pl(vjlvﬁ) = (p(vjlvﬁ)ésjl for any v € Ng(vjl), 1<
j<pand1 <k < mj. Note that fjkga(v]'-‘vé)ggl = %m(v}vﬁ)és?l = gol(vjlvﬁ) for any v! €
NG(V]-I). We have SA(®)S™! = A(Ci>) where S = diag(&11,. . .5 &1mys - - > Ep1s - - »Epmy)- It
means that ¢ € [&D]. Let @' be the subgraph of & induced by {V%,V%,. . Il)}’ that
is, ' = é[v},vé,...,v;]. It is clear that @ is reduced and ® = ® o m where m =
(my,my, . ..,mp). The result follows. |

Remark 2.1: The T4-gain graph @’ constructed in Lemma 2.1 is called a twin reduction
graph of ®. Note that there may be many twin reduction graphs of ® but they are switching
equivalent.
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The characterization of simple graphs with exactly one positive eigenvalue has been
given by Smith [9].

Lemma 2.2 ([9]): Let G be a simple graph. Then p(G) = 1 if and only if its non-isolated
vertices induce a complete multipartite graph.

Next, we present the following elementary theorem. Let C: v;v, ... v,v; be a cycle of
® = (G, T4, ¢). The gain ¢(C) of Cis the product ¢ (viv2)@(v2v3) - - - ¢(v4v1). The cycle C
is balanced if (C) = 1. A T4-gain graph ® is said to be balanced if no unbalanced cycles
exist, otherwise it is called unbalanced.

Lemma 2.3 ([13]): For a T4-gain graph ® = (G, T4, @), it is balanced if and only if every
induced cycle of @ is balanced if and only if & € [G].

Now we present some known results on inertia indices of graphs.

Lemma 2.4 ([12]): Let ® = (G, Ty, @) be a T4-gain graph with u € V(G). Then p(d) —
1< p(® —u) < p(®), n(®) — 1 < n(® —u) < n(®).

Lemma 2.5 ([14]): Let ® = (G, T4, ¢) be a Ty-gain graph containing a pendant vertex v
with the unique neighbour u. Then p(®) = p(® —u—v) + 1, n(®) =n(® —u—v) + 1,
n(®) = n(® — u — v). Moreover, rank(®) = rank(® — u — v) + 2.

We end up this part by some known results on gain graphs with exactly one positive
eigenvalue, which are borrowed from [11] and will be used later.

Lemma 2.6 ([11]): Let ® = (G, T4, ¢) be a T4-gain graph and u be a vertex of G. If
Ng(u) = {v1,...,vs}, then there exists ' = (G, T4, ¢’) € [®]such that ¢’ (uv;) = 1 forany
v; € Ng(u).

Lemma 2.7 ([11]): If the connected T4-gain graph ® = (G, T4, @) has exactly one positive
eigenvalue, then there exists a standard k-partite graph @ = (Kpy ny,.. s (N5t 1 2 < s <t <
k) such that ® € [®'].

Lemma 2.8 ([11]): Let ® = (G, T4, @) be a T4-gain graph with order n, and H be a sub-
graph of G. If the eigenvalues of ® and ®[H] are hy > Xy > -+ > dpand g > py > -+ >
Wm respectively, then Ay_pmyi < (i < Ajforl <i<m.

To depict T4-gain graphs in Figures 1-4, each continuous (respectively, dashed) thick
undirected line segment represents two opposite oriented edges with gain 1 (respectively,
—1), whereas the arrows detect the oriented edges uv such that ¢ (uv) = i. The other pos-
sible choice for the arrow direction not employed here-namely using an arrow from v to u
to denote the oriented edge uv such that ¢ (uv) = i-would lead to an alternative and fully
satisfactory way to ‘read’ the imaginary gains from the drawings.
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g Q . Ky Q - /1:1'\
Ps(a,1,b) Py(1,a,1,b) P5(1,a,1,b,1)
(= —O—J——>
v v U v U v
Py(a,1,2) Py(a,1,2,1) Py(1,a,1,2) Ps(1,a,1,2,1)

:
X

Py(1,2,1,9) P5(1,2,1,2,1) P3(2,1,2)
Figure 1. T4-gain graphsin Theorem 4.4, where g, b > 2 and a bold line segment connecting two parts
represents that each vertex in one part is adjacent to all vertices in the other part.
3. T4-gain graphs with exactly one positive eigenvalue

Firstly, we consider the T4-gain graphs with underlying graph being Kj.

Lemma 3.1: Let ® = (K4, T4,¢) be a T4-gain graph. Then rank(®) =4. If & =
(K4, T4, @) is unbalanced, then p(P) > 2.

Proof: Let V(Kyg) = {v1, V2,3, v4}. By Lemma 2.6, there exists ® = (Ky, T4, ¢’) € [P]
such that ¢/(v;vs) = 1 for any 2 < s < 4. The adjacency matrix of " can be written as

vio o v2 vz W

vi f0 1 1 1
1 0 x vy

A(D) = V2
(@) vzl 1 x* 0 z
v \1 y* ¢ 0

Then, det(A(®’)) = 3 — 2Re(xz + xy* + yz*) # 0. Thus, rank(®) = rank(P’) = 4.

If ® = (K4, T4, ) is unbalanced, suppose to the contrary that & has exactly
one positive eigenvalue. Let p; >y > u3 > us be the eigenvalues of &'. For
any 2 <s <t < 4, the characteristic polynomial of ®'[vy,vs,v¢] is f(X) = A —3%—
2Re(¢' (vsvy)). Since ua(®'[vy, vs, v¢]) < 0 due to pu2(P’) <0 and Lemma 2.8, we get
f(0) = —2Re(¢’(vsv¢)) < 0 and thus Re(¢’(vsv¢)) > 0. Since @’ is an unbalanced T4-gain
graph and Re(x), Re(y), Re(z) > 0, we have x, y,z # —1 and at least one of x, y, z, x*, y*, z*
is equal to i. Without loss of generality, assume x = i. In what follows, we show that
det(A(D')) > 0.

If det(A(®')) = 3 — 2Re(xz + xy* + yz*) < 0, then Re(xz + xy* + yz*) is equal to 2
or 3. If Re(xz 4+ xy* + yz*) = 2, then of the three numbers Re(xz), Re(xy*) and Re(yz*),
exactly one is 0 and the other two are 1. When Re(xz) = 0, we have Re(xy*) = Re(yz*) =
1, and equality holds only if x = y = z = i. Thus xz = i* = —1 contradicts Re(xz) = 0.
Similarly, Re(xy*) = 0 or Re(yz*) = 0 is impossible. Therefore, Re(xz + xy* + yz*) = 3,
and Re(xz) = Re(xy*) = Re(yz*) = 1. Since x = i, we have Re(xz) = Re(xy*) = 1 holds
only if y = i,z = —i. Thus yz* = i> = —1 contradicts Re(yz*) = 1. Hence, det(A(®')) >
0. Therefore, ®" and hence ® has at least two positive eigenvalues, a contradiction. [ |
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Now we are ready to present one of our main results.

Theorem 3.1: Let ® = (G, T4, ¢) be a connected T4-gain graph. Then ® has exactly one
positive eigenvalue if and only if ® € [Ky,, . ] for some k or ® € [Ky, ny 03]

Proof: Note that 1%1,1,1 is a twin reduction graph off@,l,nz,ns. By Lemma 2.1,p(f<m,n2,n3) =
p(I_("l,l,l). The sufficiency follows from p(f(l,l,l) = 1 and Lemma 2.2. In what follows, we
show the necessity.

If ® is balanced, by Lemma 2.3, ® is switching equivalent to its underlying graph. From
Lemma 2.2, we deduce that ® € [K},,, . ;] for some k. If ® is unbalanced, by Lemmas 2.7
and 3.1, G is a complete tripartite graph and there exists a standard 3-partite graph &' =
(Kny,ny,n35 [23]) such that & € [®']. Note that (Kj,1,1; [123]) is a twin reduction graph of
@’ We have p(Ky 1,15 [123]) = p(®’) = 1, whichleads to 123 € {£i} by a direct calculation.
Hence, ® € [I_{'nl,nz,n3]. |

Remark 3.1: It is well known that the connected graphs with exactly one positive eigen-
value are complete multipartite graphs. It is natural to investigate other graphs with exactly
one positive eigenvalue, such as signed graphs, mixed graphs and so on. Since all such
graphs are special cases of complex unit gain graphs, in [11] the authors try to completely
determine all complex unit gain graphs with exactly one positive eigenvalues. However,
it seems impossible to give a complete characterization of such graphs because the gain
of each edge could be arbitrary complex unit and the eigenvalues of a complex unit gain
graph strongly rely on the gains of it edges. Thus, in [11] the authors just gave a necessary
condition on connected complex unit gain graphs with exactly one positive eigenvalue. So,
we restrict this problem on T4-gain graphs, and Theorem 3.1 completely solved it. In fact,
Theorem 3.1 is a specialization of the analogous result in [11].

Recall that mixed graphs and signed graph are special T4-gain graphs. Theorem 3.1
implies one of the results in [8] and one of the results in [7].

Corollary 3.1 ([8]): Let G be a connected mixed graph. Then p(é) =1lifand only if ®

(Ky,.,....n; ] for some k or & e [KHI,VIZ,VB]‘

Corollary 3.2 ([7]): Let I'(G) be a connected signed graph. Then p(I'(G)) = 1 if and only
ifT'(G) € [Kn,,...n] for some k.

4. On T4-gain graphs with exactly two positive eigenvalues

We first consider T4-gain graphs with pendant vertices.

Theorem4.1: Let & = (G, Ty, ¢) be a connected T4-gain graph with pendant vertices. Then
p(®) = 2 if and only if & is obtained by adding some T4-gain edges between the centre of a
T4-gain star and some vertices of F¢, where F¥ € [Ky,, . n,] for some k or F? € [Ky, nyn;]-
Proof: The sufficiency is immediately from Theorem 3.1 and Lemma 2.5, and we prove
the necessity in what follows.
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Assume that @ is a T4-gain graph and v; is a pendant vertex of ® with neighbour
v3. Since p(®) = 2, by Lemma 2.5, we have p(® — v; — v2) = p(P) — 1 = 1. Let F® be
the subgraph induced by all non-isolated vertices of ® — v; — v,. Therefore, Theorem 3.1
implies that F¥ € [Ky;,, .., ] for some k or F¥ € [I_{'nl,nz,n3]. The result follows. |

.....

Lemma 2.1 indicates that in order to characterize all T4-gain graphs having exactly two
positive eigenvalues, it suffices to characterize all reduced ones having exactly two positive
eigenvalues. Since the T4-gain graphs having pendant vertices with p(®) = 2 have been
characterized in Theorem 4.1, it only needs to consider the reduced T4-gain graphs without
pendant vertices. In what follows, all graphs are assumed to be reduced graphs without
pendant vertices if there is no additional statement.

For convenience, denote by G the set of connected reduced T4-gain graphs with a cut
vertex, which have no pendant vertices and have exactly two positive eigenvalues. Now,
our goal is to determine G. Let & = (G, T4, ¢) € G be an arbitrary T4-gain graph with cut
vertex v. Therefore, our goal is to determine ®.

Lemma 4.1: The graph & — v has exactly two components ®1 = (Gy, T4, ¢1) and &, =
(G2, Ty, ¢2), and p(P;) = 1 for1 <i <2.

Proof: Supposethat ® —v =&, | J P, |- - - D is the disjoint union of different com-
ponents of & — v. Since v is a cut vertex of ®, we have ¢t > 2. Since ® has no pendant
vertices, we have ®; has at least one edge for all i = 1,2,...,t. Hence, p(®;) > 1 for all
i=12,...,t. From 2 = p(®) > p(® —v) = p(d1) + - - - + p(Py), it follows that t = 2.
Hence, ® — v has exactly two components ®; and & and p(®;) =1for1 <i<2. N

Lemma 4.2: rank(®) < rank(®,) + rank(®d,) + 1, and rank(®; + v) < rank(d;) + 1
forl <i<2.

Proof: By Lemma 2.4, we have

rank(®) = p(®) +n(P) <p(®—v)+1+n(d—v)+1
= p(P1) + p(P2) + n(P1) + n(P2) + 2
= rank(®;) + rank(®d,) + 2.

If the equality holds, then p(®) = p(® — v) + 1 = p(P1) + p(P2) + 1 = 3, a contradic-
tion. Thus, rank(®) < rank(®;)+rank(P;) + 1.

Note that v is a cut vertex of ®. If rank(®; + v) = rank(®;) + 2 for some j, then
rank(®) = rank(® — v) 4+ 2 = rank(®P;) + rank(P;) + 2 contradicts the first statement.
Hence, rank(®; + v) < rank(®;) + 1forl <i < 2. |

Clearly, 1 <p(®;+v) <2 for 1 <i < 2. Without loss of generality, assume that
p(P1 + v) < p(P; + v). Combining Lemmas 4.1 and 4.2, we get the following result.

Lemma 4.3: p(®; +v) =1
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Proof: Suppose to the contrary that p(®; + v) = 2 for 1 < i < 2. The adjacency matrix of
d is
APy = 0
A@ = = o y*
0 v A(D2)

By Lemma 4.2, both equations A(®;)X = t and A($,)Y =  have solutions. Let X; (resp.
Y1) be a solution to A(P1)X = t (resp. A(D,)Y = ). Set

I -X; O
W=1|0 1 0}, andthereby
0 =Y 1
A(®) 0 0
WA@W=| 0 —oXj—v*; 0
0 0 A(®y)

Since p(W*A(DP)W) = p(®) = p(P1) + p(P,), we have —1*X; — *Y; <0. From
p(®1 +v) = p(Py + v) =2, we have —7*X; > 0 and —¢*Y; > 0. Hence, —7*X; —
¥*Y; > 0, a contradiction. n

Next, we divide two cases to discuss, namely, p(®; +v) =1 for 1 <i <2, and p(P; +
v) = land p(®, +v) = 2.

Theorem 4.2: If p(®; +v) =1 for 1 <i <2, then ® is switching equivalent to one of the
following T 4-gain graphs present in Figure 1:

(i) Ps3(a, 1, b) Py(1,a,1, b), Ps(1,a,1, b 1), wherea,b > 2
(i) P3(a1,2), Pa(a,1,2,1), Ps(1,a,1,2), P5(1,4,1,3,1), P4(1,2,1,3), Ps(1,2,1,2,1),
P3(2,1,2).

Proof: For1 < i < 2,since p(®; + v) = 1, Theorem 3.1 indicates that ®; + v € [K,,, . »,]
for some kor ®; +v € [I_ém,nzm]. In what follows, we divide three cases to discuss.

Case 1. ®1 +ve Ky, i ]and &y +v e [Ky, ul

Without loss of generality, assume thatly > [, > --- > tandn; > ny > -+ - > ny. Since
® isreduced, wehave; = nj = 1for2 <i <sand2 <j < t,and 1 < lj,n; < 2. Further-
more, if [; = 2 (or n; = 2), then there is a vertex v/ € @, (resp. v’ € ®;) such that vand v/
are twins in @1 + v (resp. &, +v). Ifl; = n; = 1, then ® € [P3(s — 1,1,¢ — 1)]. If one of
lyandnj equalto 1,sayly = landn; = 2,then® € [Py(s —1,1,t — 1, 1)].Ifl; = n; =2,
then ® € [P5(1,s — 1,1,t — 1,1)].

Case2. &, +ve [I_("l1 Ll and @3 +v e [ ALttt

Without loss of generahty, assume that [; > I, > I3 and n; > ny > ns3. Since @ is
reduced, we have [; = nj = 1 for 2 < i,j < 3, and 1 < [}, n; < 2. Furthermore, if [} =2
(or ny = 2), then there is a vertex v/ € ®; (resp. V' € <I>2) such that v and v/ are twins in
Dy 4 v (resp. Dy +v). If =n; =1, then (ONS [P3(2 1, 2)] If one of [; and n4 equal tol,
sayl; = landn; = 2,then ® € [P4(2 1,2, 1)] Ifl; = ny = 2,then ® € [P5(1, 2,1,2, D].

Case3. @1 +ve[Ky, jland Py +ve [Knl,nz,m].
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Similarly, one could easily verify that & e [P3(s— 1, 1,5)] U [P4(1,s — 1, 1,5)] U
[P4(S— 1a1a2> 1)]U[P5(175_ ]-;1>2> 1)] .

It remains to consider the case that p(®; + v) = 1 and p(P, 4+ v) = 2.

Lemma 4.4: If p(®; + v) = 1 and p($, + v) = 2, then we have

(i) @1+ v e [Ky] forsomeqor @ +ve [1%1,1,1];
(ii) P, € [Ky] for some tor &, € [121,1,1].

Proof: By Theorem 3.1, ®; + v is a balanced complete multipartite graphs or switching
equivalent to I%”I;”ZJ’B‘ Suppose to the contrary that (i) is not true. Since @ is reduced, we
conclude that there exists a vertex v; in ®; which is a twin point of vin ®; + v. Therefore,
vv1 ¢ E(G) and NG, +v(v1) = NG, +v(¥). Let u € Ng,+(v1). Since v, u is a pendant edge of
®[{vy,u, v} U V(G2)], by Lemma 2.5, we have

Pp(®@) = p(@[{vi, u, v} U V(G)]) = p(P2+v) +1=3,

a contradiction. Thus, (i) holds.

By Lemma 4.1 and Theorem 3.1, ®, is a balanced complete multipartite graph or switch-
ing equivalent to I%nl,nz,ns. Suppose for a contradiction that (ii) is not true. Therefore,
@, has two vertices uj, up such that Ng,(u1) = Ng, (12) and @(u;w) = Ep(upw) for all
w € Ng,(u1), where & € {1, —1,1i, —i}. Since ® is reduced, we know at least one of u;, u,
say u1, is adjacent to v.

If u, is not adjacent to v, then

Ng(u1) = Ng, (u1) U {v} = Ng, (u2) U {v} = Ng(uz) U {v}.

Let ® be a T4-gain graph obtained from @ by deleting all edges {u;, w} for w € Ng, (u1).
Let E,, 4, be the matrix of order | V(G)| whose unique nonzero entry 1 is at the row indexed
by u; and the column indexed by u;. Since

A(®) = )| — Eupu) A@) U v(c)) — EEum)™

we have p(®) = p(®). Then, u; is a pendant vertex adjacent to v in ®. Using Lemma 2.5,
we have

P(®) = p(®) = p(® —uy —v) +1 = p(®)) + p(dy — u1) +1=3,

a contradiction.

If u;, is adjacent to v, then ¢ (u1v) # £@(u,v) because @ is reduced. Therefore, from (i),
& must contain an induced subgraph switching equivalent to one of the T4-gain graphs
F1, F5, F3 and F4 depicted in Figure 2. By calculations, for 1 < j < 4, we have

det(A(Fj)) = 2Re(gj(vu1)gj(vuz)™) —2 < 0,
with equality if and only if @;j(vu1) = @j(vup). Since
pj(vur) = @j(unv)" # ¢j(uav)* = @j(via),

we have det(A(F;)) # 0and Fy, F», F3, Fy all have at least three positive eigenvalues. Hence,
by Lemma 2.8, we obtain p(®) > 3, a contradiction. Thus, (ii) holds. |
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a(vus
wo Uy

Fy Fy

Figure 2. T;-gain  graphs  Fi,Fy,...,Fs, where  gj(vu) # @j(vu) (1
s (vuq), ps(vuy), s (vus) are different from each other.

Py(s,1,a,7)

Figure 4. T4-gain graphs P4(s, 1,c, 1), Pa(s, 1,a' v =1, y) and P4(r, 1,a" v bl ¢).

<j<4), and

w1 Uy

$10(vur

p10(vug
Wy Uo

Fio

Lemma 4.4 indicates the possible structures of ®; 4+ v and &,. In fact, we further get

the following results.

Lemma 4.5: If p(®; + v) = 1 and p(D; + v) = 2, then O, € [K;] for some t.

Proof: Lemma 4.4 indicates that either &, € [K{] or &, € [1%1,1,1]- Suppose to the con-

trary that &, = [1%1,1,1]. If v is adjacent to exactly one vertex of @, let

u be the vertex

of ®, adjacent to v, then Lemma 2.5 implies that rank(®; + v) = rank(®, —u) +2 =
4 = rank(®;) + 2, contradicts Lemma 4.2; if v is adjacent to all vertices of &, in &, + v,

then Lemma 3.1 implies that rank(®;, + v) = 4 = rank(®,) + 2, contrad
Therefore, v is adjacent to exactly two vertices of ®;, in ®; + v, and

icts Lemma 4.2.
thus &, + v is
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switching equivalent to the form of Fs (see Figure 2). The adjacency matrix of Fe is

0 pe(vu1) @s(vup) O

| ws(vur)* 0 1 i
AT =1 gy 1 0o 1
0 —i 1 0

By immediate calculations, the characteristic polynomial of Fg is equal to

FO) = A% — 532 — Re(gs (via1 )6 (vida) )2 + 2[1 + Im(g6 (via1 )6 (via) )]

Since p(®;) = 1 and p(P, + v) = 2, we have rank(®P;, + v) > rank(P,) + 1. Note that
Lemma 4.2 indicates that rank(®, + v) < rank(®;) + 1. We have rank(Fg) = rank(®, +
v) = rank(®;) + 1 = 3, which leads to that the coefficient of A is not equal to 0O and f (1) =
0. It leads to Re(@s(vu1)@s(via)™) #£ 0 and 1 + Im(gg (v )@s(vuz)*) = 0, which cannot
hold at the same time. |

Lemma 4.6: If p(®; +v) = 1 and p($3 + v) = 2, then 1 + v € [K,] for some .

Proof: Suppose to the contrary that &; + v € [1?1,1,1]. Lemma 4.5 indicates that ®, € [K;]
for some ¢. If there are two vertices of @, not adjacent to v in &, then ® has an induced
subgraph switching equivalent to F. By direct calculations, we have p(F;) = 3, and thus
p(®) > 3according to Lemma 2.8, a contradiction. If there is exactly one vertex u of ; not
adjacent to v in @, then ® has an induced subgraph switching equivalent to Fg. Lemma 2.8
implies that2 = p(Fg — v) < p(Fg) < p(P) = 2, and thereby p(Fg) = 2. By direct calcula-
tions, p(Fg) = 2ifand onlyif pg(vu1) = @g(vuy). By the arbitrariness of ; and uy, all edges
from v to @, obtain the same gain in T4. Hence, v and u are twin points in ®, + v. And
p(P2 + v) = p(P2) = 1, a contradiction. Therefore, v is adjacent to all vertices of @5, and
thus @ is switching equivalent to a T4-gain graph ® such that 6[V(CI>1) U{v}] = I_("Ll,l
and EE[V(CDZ)] = K;. Next we prove t = 2. Otherwise, let uj, u, us be three vertices of
6[V(G2)]. Then a;[V(Gl) U {v, u1, uz, u3}] is Fo. By Lemma 2.8, we have 2 = p(F9 — v) <
p(Fo) < 2. Hence, p(F9) = 2. Since it is easy to see that Fg — v has three negative eigen-
values, Lemma 2.8 implies that Fy has at least three negative eigenvalues. It means that
p(Fo) = 2 if and only if det(A(Fs)) > 0. By immediate calculations, we have

det(A(Fo))
= 2 [Re(g, (vu1) @, (v2)®) + Re(@, (vur) g, (via3)*) + Re(@, (vua) g, (vis3)™) ] — 3.

It is easy to see that det(A(F9)) > 0 if and only if ¢, (vit1) = @, (vuz) = ¢,(vu3). By the
arbitrariness of u;, uz, u3, all the edges from v to V(G) in ® obtain the same gain. Hence, @
is switching equivalent to a T4-gain graph 51 such that 61 [V(Gy) U {v}] € [Ki41]. Thus,
@, + v € [Kyy1], contradicts the assumption of p(®; 4+ v) = 2. Hence, t = 2.

By the above discussions, we have & € [Fyg]. Hence, ®, + v is switching equivalent
to Fio[v, u1, uz], and thereby p(Fio[v, u1, u2]) = 2. It yields, by direct calculations, that
¢,,(vu1) = —¢,,(vuz). Note that we also have p(®) = p(Fi9) = 2. By immediate calcu-
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lations, we have either ¢ ,(vu1) = ¢,,(vuz) or ¢, (vu;) = (£i)@,,(vuy), contradicting the
equation ¢, (vu;) = —¢,,(vuz) (Figure 3).
The proof is completed. n

Combining Lemmas 4.5 and 4.6, it remains to consider the condition that ®; + v € [K{]
for some s and @, € [K;] for some t. Before discussing this condition, we need to intro-
duce two classes of T4-gain graphs. For integers s > 2, > B > 0,y > 0, let P4(s, Lalv
B~1,y) be the T4-gain graph obtained from K, and Ky g+, by adding a new vertex v and
adding s + o + B edges such that v is adjacent to s vertices of K, and adjacent to o +
vertices of Ko+, where B edges from v to Ky g4, obtain gain —1 and all the other
edges have gain 1 (see Figure 4). Especially, if § = 0, we use the notation P4(s, 1, «, y) for
Py(s, Lt v oL, y).Forintegersr > 2,a > b > 1,c¢ > 0, let Py(r, 1,a' v bl c) be the Ty-
gain graph obtained from K, and K, 4. by adding a new vertex v and adding r+a+ b
edges such that v is adjacent to r vertices of K, and adjacent to a + b vertices of Ky p4c
where b edges from v to K,y obtain gain i and all the other edges have gain 1 (see
Figure 4).

Theorem 4.3: If p(®; + v) = 1 and p(P, + v) = 2, then D is switching equivalent to one
of the following T4-gain graphs:

(1) P4(s,L,a,y), wheres > 2,a > 1,y > 2, ﬁ >1-
(i) P4(2,1,1' v 171 y), wherey > 0.
(ili) P4(r,1,a' v bl,c), where (a,b,c,r) e {(a,1,¢r)|r>2,a> l,aj—;cl < ﬁ} us
and

o =
IS

S =1{(2,2,0,2),(2,2,0,3),(2,2,0,4), (3,2,0,2),
(4,2,0,2), (2,2,1,2),(2,2,1,3),(2,2,2,2), (2,2,3,2)} .

Proof: According to Lemmas 4.5 and 4.6, we conclude that ®; + v € [K;] for some s and
®, e [K;] for some t. We claim that there are not three edges between v and &, that obtain
three different gains. Otherwise, ® will contain an induced subgraph in [Fs], where Fs is
depicted in Figure 2. By a direct calculation, we have det(A(F5)) = —1, which implies that
p(F5) > 3, a contradiction. Hence, ® is switching equivalent to

Py(s,1,0,¥), Pa(s, L,a' v 7L y) or Py(r,1,a' v b, c)

forsomes,r > 2, > B> 1,a>b>1landy,c > 0.

Case 1. © € [Py(s, 1,0, )], wheres > 2, > 1l and y > 0.

Since p(®; + v) = 2, we have y > 2. By the knowledge of equitable partition ([15, Page
198]), the eigenvalues of P4(s, 1,«, y) consist of —1 with multiplicity s + « + y — 3 and
the roots of f(A) = det(AI — Ay), where

s—1 1 0 0
s 0 o 0
Ar = 0 1 a—1 y
0 0 o y —1
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It is easy to see that A; has at least one negative eigenvalue. Therefore, p(A;) = 2 if and
only if det(A;) > 0. By simple calculations, we have

det(A7) = (@ +9)(y — 1) —as(y —2).

o
Case 2. ® € [Py(s,1,a' v 71, )], wheres > 2, > B > land y > 0.
Firstly, by an elementary calculation, we have

Thus det(A;) > 0if and onlyifﬁ >1-1-1

p(P4(2,1,21 v171,0)) = p(P4(3,1,1' v171,0)) = 3.

Hence, by Lemma 2.8, we have p(P4(s, L,a! vV 871, y)) = 2 onlyifa = f = land s = 2.

If y = 0, we have p(P4(2,1, 11 v 171,0)) = 2. We now consider y > 1. By the knowl-
edge of equitable partition ([15, Page 198]), the eigenvalues of P4(2,1,1! v 171, ) consist
of —1 with multiplicity y and the roots of

fA) =det — Ay) = 2% — ya* — (6 4+ p)A° + 527 + 5y + 5)A
=104+ DO =5 L -y -1

where
1 1 0 O 0
2 0 1 -1 0
A,=l0 1 o 1 y
0 -1 1 0 vy
0 0 1 1 y-—1

It is easy to see that A, has exactly two positive eigenvalues. Hence, p(P4(2,1,1' v
174,)) = p(Az) = 2.

Case 3. ® € [Py(r,1,a' v bi,c)], wherer > 2,a > b > landc > 0.

Similarly, by using the knowledge of equitable partition, the eigenvalues of P4(r, 1, a! v
b, ) consist of —1 with multiplicity r + a + b+ c—4 and the roots of f () = det(A\] — Ay)
where

r—1 1 0 0 0

r 0 a bi 0
A; = 0 1 a-1 b c |,

0 —i a b—-1 c

0 0 a b c—1

and thus p(A;) = p(Py(r,1,a' v b o)) = 2. By a direct calculation, we obtain
det(A;) =aRb+co)(r—1) —2r(a+b) —cb+r—br)+a+b+r.

Note that the matrix
a—1 b c
B= a b—1 c
a b c—1
is a principal matrix of A, and the spectrum of B is {a + b + ¢ — 1, —11}. Hence, by

Lemma 2.8, A; has at least two negative eigenvalues. Therefore, p(A;) = 2 if and only
if det(A;) < 0.
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It is easy to see that

det(AL) = acr—ac—a—c—r—+1, ifb=1,
aRr+cr—c—3)—3r—2c+cr+2, ifb=2.

Thus, ifb = 1, then det(A;) < Oifand onlyifacr —ac —a — ¢ —r+ 1 < 0ifand only if

"ac+ Cl < -=7. In what follows, we assume b = 2.

e For ¢=0. If a>5, then det(A;) >5Q2r—3) —3r+2=7r—13 > 0. Hence,
det(A;) < 0 onlyif a < 4. Note thata > b. If a = 2, then det(A;) =r — 4 < O ifand
onlyifr = 2,3,0or4.1Ifa = 3,thendet(4A;) = 3r — 7 < Oifand onlyifr = 2.Ifa = 4,
then det(A;) = 5r — 10 < Oifand only if r = 2.

e Forc>1.If a> 3, then det(A;) >3Qr+cr—c—3)—3r—2c+cr+2=r(4c+
3) —(5¢+7) > 2(4c+3) — (5¢+7) =3c—1 > 0.Hence,det(A;) < Oonlyifa < 2.
Note that a > b. If a = 2, then det(A;) =2Qr+cr—c—3) —3r—2c+cr+2<0
ifandonlyifc = 1 and eitherr =2orr =3,orc=r =2,0orc =3 andr = 2.

The proof is completed. u
Combining Theorems 4.2 and 4.3, we could get one of our main result immediately.

Theorem 4.4: Let ® = (G, Ty, ) be a connected reduced T 4-gain graph with a cut vertex v
and without pendant vertices. Then p(®) = 2 if and only if ® is switching equivalent to one
of the following T 4-gain graphs:

(i) Ps3(a, 1, b) Py(1,a,1, b), Ps(1,a,1, b 1), where a,b > 2

(i) P3(a,1,2), Ps(a,1,2,1), Pa(1,4,1,2), P5(1,a,1,2,1), Ps(1,3,1,3), P5(1,3,1,3,1),
P3(2,1,2);

(iii) Pyg(s, 1, a,y), wheres > 2,a > 1,y > 2, ﬁ >1-—

(1v) P4(2,1, 11 v 174 y), wherey > 0;

(v) Py(r,1,a' v bi,c), where (a,b,¢,r) € {(a,1,¢,7) | r>2,a>1,%

©» =

1.
o’

—}US.

a+c—r1

Theorem 4.4 immediately implies the following result on mixed graphs.

Corollary 4.1: Let G bea connected twin reduction mixed graph with a cut vertex v and
without pendant vertices. Then p(G) = 2 if and only if G is switching equivalent to one of the
following graphs:

(i) Ps;(a,1, b) Py(1, a,l b), Ps(1,a,1, b 1), where a,b > 2;

(i) P3(a1,2), Py(a,1,2,1), Pa(L,a,1,3), Ps(1,a,1,3,1), P4(1,3,1,3), P5(1,3,1,3,1),
P32, 1,2);

(111) P4(5,1>Ol>]/): WhereS Z 2)“ 2 lay Z 2) ﬁ 2 1—<—

(iv) P4(2,1,1' v 171 y), where y > 0;

(v) Py(r,1,a' v b, c), where (a,b,c,1) € {(a,1,6,7) | r>2,a > 1, 1:;61 < ﬁ} us.

—

1.
a)

©
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Note that I_{'l, 1,1 cannot switching equivalent to a signed graph. We conclude that there
are no signed graphs in [®] when & is a graph belonging to (ii) or (v) in Theorem 4.4.
Therefore, Theorem 4.4 implies the following result on signed graphs.

Corollary 4.2 ([5]): Let I'(G) be a connected twin reduction signed graph with a cut vertex
v and without pendant vertices. Then p(I'(G)) = 2 if and only if ' (G) is switching equivalent
to one of the following signed graphs:

(i) Ps3(a,1,b), P4(1,a,1,b), P5(1,a,1,b, 1), where a,b > 2.
(i) P4(s, L, a0, y), wheres > 2,a > 1,y > 2, ﬁ >1-— % — é
(ili) P4(2,1,1' v 1~Ly), wherey > 0.
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