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1. Introduction

It is a classical problem in Spectral Graph Theory to characterize the graphs whose eigenvalues lie in a given interval.
The research of such problems may date back to the work of Smith in 1970 [18]. This work stimulated the interest of
researchers. There are a lot of results in the literature concerning the topic. In 1972, Hoffman [11] obtained all limit points

of the spectral radius of nonnegative symmetric matrices smaller than @ In 1982, CvetkoviC et al. [5] characterized the

graphs whose spectral radius does not exceed v/2 + /5, in 1989, Brouwer and Neumaier [4] determined the graphs with

spectral radius between 2 and /2 + /5 and later, Woo and Neumaier [27] described the structure of graphs whose spectral
radii are bounded above by 3+/2/2. For the (signless) Laplacian matrices, Wang et al. [21,22] characterized the graphs whose
spectral radii do not exceed 4.5. With respect to the smallest eigenvalues, Hoffman [12] investigated the graphs whose
smallest eigenvalue exceeds —1 — +/2, and this work was continued by Taniguchi et al. [19,20,14]. Furthermore, Munemasa

et al. [16] showed that all fat Hoffman graphs with smallest eigenvalue at least —@ (which is just —1 — t where 7 is
the golden ratio) can be described by a finite set of fat (—1 — t)-irreducible Hoffman graphs. Especially, the graphs with
smallest eigenvalue —2 attracted a lot of attention, and we refer the reader to the survey [7] and the book [6]. Recently,
Abdollahi et al. [1] classified all distance-regular Cayley graphs with least eigenvalue —2 and diameter at most three, and
Koolen et al. [13] proved that a connected graph with smallest eigenvalue at least —3 and large enough minimal degree is
2-integrable. For the anti-adjacency matrices, Wang et al. [23,24] determined the graphs whose smallest eigenvalues are at
least —2+/2. In this paper, we consider the smallest Hermitian eigenvalue of a mixed graph.

A mixed graph is defined to be an ordered triple (V, E, A), where V is the vertex set, E is the undirected edge set and A
is the directed edge set. Note that, if both uv and vu are directed edges, then we regard {u, v} as an undirected edge. Thus,
if (u,v) € A then (v, u) ¢ A. Clearly, if A= then the mixed graph turns to be a graph and if E = then the mixed graph
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turns to be an oriented graph. For convenience, we write u <> v if {u,v} € E and u — v is (u,v) € A. Let M= (V, E, A) be
a mixed graph with V = {v1, va,..., vy}. The underlying graph I'(M) is a graph with vertex set V and two vertices u ~ v if
u<voru—vorv—u ForUCV and W CV\U, denote by Nw(U)={w|we W,u~w in I'(M) for some u € U}.
Especially, if U = {u} then Ny (u) is the set of neighbors of u in W. Moreover, denote by N‘J,“V(u) ={wlu—w}, N, =
{w|u < w}and N), (u) ={w | u < w}. It is clear that Ny (u) = Na,(u)UN‘],(u)UN&,(u). As usual, we always write Py, Cp,

.n2,...n, to denote the path, the cycle, and the complete multipartite graph of the corresponding orders. For two graphs
G and H, the union G U H is the graph with vertex set V(G) U V(H) and edge set E(G) U E(H). The join GVH is the graph
obtained from G U H by adding all edges between G and H. The distance d¢g (u, v) of two vertices u, v € V(G) is the length
of a shortest path from u to v in G. The diameter of G is the largest distance in G, denoted by d(G). All other notations not
mentioned here are standard and can be found in [8].

We always write Mg for M when the underlying graph I'(M) = G. Moreover, for a graph G, denote by Mg the set
of mixed graphs with underlying graph G. If Mc = G then we write G for M¢. The mixed graph Mg is connected if G is
connected and we always consider connected mixed graphs in this paper. The diameter of M is defined to be the diameter
of G, denoted by d(Mc). For a subset U C V, the mixed subgraph induced by U is the mixed graph M¢[U] = (U, E’, A’) with
E'={u,v}|u,veU,{u,vieE}and A’ ={(u,v)|u,veU, (u,v)e A}. As usual, for a vertex v, the (mixed) graph G — v
(resp. Mg — v) is the induced (resp. mixed) subgraph obtained from G (resp. M¢) by deleting the vertex v and associated
edges. The Hermitian matrix of M¢ is defined to be a square matrix H(M¢) = [hst]nxn With

1, Vg <> V¢,
i, Vs — V¢,
—i,  vi— v,
0, otherwise,

hst =

where i = +/—1. This matrix was proposed by Liu and Li [15] and Guo and Mohar [9] independently. Since H(Mg) is
a Hermitian matrix, all eigenvalues of H(Mg) are real and listed as A1 > Ay > --- > Ay = Amin. The collection of such
eigenvalues is the spectrum of H(Mg). The Hermitian spectrum of the mixed graph Mg is just the spectrum of H(Mg),
denoted by Sp(M¢). Two mixed graphs M¢, M € Mg are switching equivalent if there exists a diagonal matrix D whose
entries belong to {£1, &i} such that H(M{) = DH(M¢g)D*. It is clear that switching equivalence is an equivalence relation.
Thus, denote by [M¢] the equivalence class containing M with respect to switching equivalence. Obviously, all graphs in
[M¢] share the same spectrum. Recently, Wissing and Dam [26] determined all mixed graphs with exactly one negative
eigenvalue. Guo and Mohar [10] determined all mixed graphs with A; <2 and Yuan et al. [28] characterized all mixed
graphs with A; <2 when G contains no cycles of length 4.

In this paper, we completely determine the connected mixed graphs with smallest Hermitian eigenvalue greater than

—@. In fact, we found three infinite classes of mixed graphs and 30 scattered mixed graphs (see Theorem 5).
2. Preliminaries

We first present the famous interlacing theorem with respect to Hermitian matrices.

Lemma 1 ([3]). Let the matrix S of size n x m be such that S*S = I, and let H be a Hermitian matrix of size n with eigenvalues
Al > A2 >+ > Amin. Set B=S*HS and let 1 > 2 > --- >, be the eigenvalues of B. Then the eigenvalues (; interlace the
eigenvalues Aj, thatis, Aj > p; > Ap_mqi fori=1,2,...,m.

The following result is immediate from Lemma 1.

Corollary 1. Let M¢ be a mixed graph with underlying graph G. If My is a mixed induced subgraph of M, then the eigenvalues of My
interlace those of M¢.

Next, we introduce another powerful tool in Spectral graph theory: the equitable partition. Let M be a mixed graph on
n vertices with underlying graph G. Let w: V(G) =V UV, U..- UV, be a partition of V(G) with |Vj| =n; and n=nq +
ny+---+ns. For 1 <i, j <s, denote by H;; the submatrix of H(Mg) whose rows correspond to V; and columns correspond
to V;. Therefore, the Hermitian matrix H(M¢g) can be written as H(M¢) = [H;;]. Denote by b;j = lTHl-jl/ni the average
row-sums of Hj;, where 1 denotes the all-one vector. The matrix Hy; = (bjj)sxs is called the quotient matrix of H(Mg). If, for
any i, j, the row-sum of Hj; corresponding to any vertex v € V; equals to b;j, then 7 is called an equitable partition of Mg.
Let 8y, be a vector indexed by V(G) such that 8y,(v) =1 if v € V; and 0 otherwise. The matrix P = [y, 8y, ---dy,] is called
the characteristic matrix of 7. If w is an equitable partition, then H(M¢)P = PHy. It leads to the following famous result.

Lemma 2 (/8, Theorem 9.3.3, page 197]). Let M¢ be a mixed graph and 7 an equitable partition of M with quotient matrix H, and
characteristic matrix P. Then the eigenvalues of Hy are also eigenvalues of H(M¢). Furthermore, H(M¢) has the following two kinds
of eigenvectors:
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(i) the eigenvectors in the column space of P, and the corresponding eigenvalues coincide with the eigenvalues of Hy;
(ii) the eigenvectors orthogonal to the columns of P, i.e., those eigenvectors sum to zero on each cell of 7.

Let H be a set of graphs. A graph G is called H-free if no induced subgraphs of G are in ‘H. If 7 = {H} then an H-free
graph G is also called an H-free graph. Recall that a P4-free graph is called a cograph. The following result reveals the
structure of cographs.

Lemma 3 ([17]). If G is a connected P4-free graph, then G is the join of two graphs, that is, G = G1 VG for some graphs G, and G,
with [V(G1)[, [V (G2)| = 1.

We determine two types of #-free graphs when # contains some simple graphs.

Lemma 4.If G is a {P3,3K1, Ky UK1}-free graph then G € {2K1,K, | n > 1}; if G is a {P3,3K1, K3}-free graph then G €
{K1,K2,2K1,2K,, K1 UK>}.

Proof. It is clear that, if a graph G is P3,3K;-free, then it is the union of at most two complete graphs. Thus, we have
G € {2K1, Ky | n > 1} if G is additional K, U Kq-free, and G € {K1, K2, 2K1,2K5, K5 U K1, K» U K3} if G is additional K3-
free. O

Guo and Mohar introduced the so-called four-way switching to generate switching equivalent graphs [9]. A four-way
switching is the operation of changing a mixed graph M into the mixed graph M’G by choosing an appropriate diagonal
matrix S with Sj; € {£1, i} and setting H(M;) = S~1H(Mg)S. Let G be a graph and X an edge cut such that G — X =
G1UG; and V1 =V(Gy) and V, = V(G,). For a mixed graph Mg = (V, E, A), define Xt = {(v1,v2) | {vi,v2} € X, v; €
Vi,vo2 € Va} and X~ ={(v2,Vv1) | {v1,V2} € X,v1 € V1,vy € Va}. The cut X is called a coincident cut of the mixed graph
Mg if X* CAor X~ CA or XCE.If X is a coincident cut of Mg, then the X-switching of M¢ is the mixed graph
Mc[X]=(V,E’,A") with E=EUX and A’ = A\ (XT U X™). Note that Mg[X] = Mg if X € E. From four-way switching,
the following results are obtained.

Lemma 5 ([9]). Let M be a mixed graph. If X is a coincident cut of M¢, then M¢ and M¢[X] are switching equivalent and thus
Sp(M¢) = Sp(Mg[XD.

If G is a forest, then each edge is a cut. Moreover, each edge is a coincident cut of any mixed graph M¢. Thus, Lemma 5
implies the following result.

Corollary 2 ([9]). If G is a forest, then Sp(M¢) = Sp(G) for any mixed graph M¢ € Mg.

Note that mixed graphs could be viewed as the so-called gain graphs. Let T4 = {#1, &i} be the group of the fourth
roots of unity. For an undirected graph G with vertex set V and edge set E, the T4-gain graph is a triple ® = (G, T4, ¢)
consisting the underlying graph G, the gain group T4 and a map @: E — T4 such that ¢((u, v)) = @((v,u))~" called the
gain function. The mixed graphs are just the T4-gain graphs with go(E) € {1, +i}. For a mixed graph M¢ with Hermitian
matrix H = [hyylnxn, let C =vivy---vs be a cycle in G, denote by hy (C) = hy,v,hv,v; - - - hygy,. Moreover, if hy (C) =1
then we say C is positive. In [2], the authors investigated T4-gain graphs, and from Propositions 1 and 2 in [2], we get the
following useful result, which is also obtained by Wang and Yuan [25].

Lemma 6 ([2,25]). Let M¢ and M, be two mixed graphs sharing the same underlying graph G. If every induced cycle C in G is positive,
then Mg € [G].
3. Mixed graphs with Apjp > — @

In this part, we first investigate the mixed triangles in mixed graphs whose underlying graph is a complete graph. Next,
we get all mixed graphs with smallest eigenvalue not less than —+/2. At last, we completely determine the mixed graphs
with smallest eigenvalue greater than —@ ~ —1.618.

It is easy to verify that there are seven types of mixed triangles and fourteen types of mixed quadrangles, and we present
them in Fig. 1 together with their smallest eigenvalues. The following results are immediate from Lemma 1 and Fig. 1.

Lemmgz7 Let MG be a mixed graph with smallest eigenvalue Amin. If Amin > —~/3, then any mixed triangle in M¢ belongs to
{K3, K32, K27).

Lemma 8. Let M¢ be a mixed graph with smallest eigenvalue Amin. If Amin > —1.84, then any induced mixed quadrangle in M¢
belongs to {C}, C3, C3}.
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K3, -1 K32, -1 K33, -1
K1, —v/3 k3% -3 K3t -3 k3!, -2
‘j ‘j E.
[ [ J
Cl,—v2 2,2 C3,-v2 —1.8477 —1.8477 —1.8477 —1.8477
—2 -2 -2 -2 -2 -2 -2

Fig. 1. The mixed triangles and quadrangles together with their smallest eigenvalues, where K3, Ki‘z, K;Z are switching equivalent and K3 1, K;z are
switching equivalent. The first to the sixth graphs on the last row are switching equivalent.

In what follows, we always denote C3 = {K3, K32’2, K32‘3} and C4 = {C}, Cﬁ, Ci}. The mixed triangles K3, K32‘2 and K§’3
play an important role in determining the orientations of a mixed graph, especially when all induced cycles (if exist) of the
underlying graph are triangles. Recall that a chordal graph is one in which all cycles of four or more vertices have a chord,
which is an edge that is not part of the cycle but connects two vertices of the cycle. The following result characterizes a
class of mixed chordal graphs switching equivalent to their underlying graphs.

Theorem 1. Let G be a chordal graph. If M¢ is a mixed graph in which each mixed triangle belongs to Cs, then M¢ € [G], i.e, M¢ is
switching equivalent to G.

Proof. Without loss of generality, assume that G is connected. According to Lemma 5, it suffices to show that M has a
coincident cut X such that V(G — X) = U U W satisfying that all edges in U and W are undirected.

We prove the statement by induction on n = |V (G)|. The statement holds for n = 3 clearly. Assume that the statement
holds for n — 1 with n >4 and we prove it holds for n. It is well-known that a chordal graph has a perfect elimination
ordering, which is an ordering of the vertices such that, for each vertex v, the vertex v and the neighbors of v that occur
after v in the order form a clique. Assume that {vq, vy, ..., v} is a perfect ordering. By the inductive hypothesis, M¢ — v
has a coincident cut X, say V(G —v1) = U UW such that the edges in U and W are undirected. According to the definition
of X, we have either all edges between U and W are undirected or they have the same direction. Therefore, we divide two
cases to discuss.

Case 1. All edges between U and W are undirected.

For any u € Ny(v1) and w € Ny (vq), since vq,u, w form a clique and M¢[vq, uy] € C3, we have either vi < u, w,
vi— u,w or u, w — vq. If the first case occurs, then there is nothing to prove. If the second one occurs, then, for any
u’ € Ny(vq1), we have v — u’ since vq,u,u’ form a clique and Mc¢[vy,u,u’] € C3. Similarly, we have v{ — w’ for any
w’ € Ny (vq). Therefore, all edges between v; and U U W form the desired coincident cut. If the last one occurs, one can
similarly verify that all edges between v{ and U U W form the desired coincident cut.

Case 2. All edges between U and W have the same direction, say u — v for any u € U and w € W with u~ v in G.

For any u € Ny(vy) and w € Ny (vy), since vq,u, w form a clique and M¢[v1,u, w] € C3, we have either v <> u and
vy — w, or u— vy and v; — w. If the former occurs, then, for any u’ € Ny(v1), we have vy < u’ since v, u, v’ form a
clique and M¢[v1, u, u’] € C3. Similarly, we have vi — w’ for any w’ € Ny (v1). Therefore, all edges between {v{} U U and
W form the desired coincident cut. If the latter occurs, one can similarly verify that all edges between U and {vi}U W
form the desired coincident cut.

The proof is completed. O
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Remark 1. We prove Theorem 1 by investigating the structure of chordal graphs, and omit any reference to the spectral
theory of complex unit gain graphs. In fact, Theorem 1, as well as Corollary 2, is immediate from Lemma 6 since all induced
cycles of a chordal graph are triangles and all of the triangles are in C3 which are positive.

For nonnegative integers s,t,n with n =s +t, denote by Kjy[s, t] the mixed graph obtained from K U K; by adding all
arcs from the vertices of K to those of K;. We may assume that K[n, 0] = K,[0, n] = K,. From Theorem 1 it immediately
follows that Kj[s, t] is switching equivalent to K. In fact, we will show that [K;] = {Ky[s,t]|s,t >0,s+t=n} and give a
characterization of the graph set [Ky].

Lemma 9. Let M, be a mixed graph on n > 3 vertices in which any mixed triangle belongs to C3. If M, contains K32‘2, then Mg, €
{Knls,t]|s>2,t>1,s+t=n}.

Proof. Assume that u, v, w € V(Mg,) induce a I<32'2 with u - w, v - w and u < v. For any vertex x € V(Mg,) \ {u, v, w}
(if exists), we have either x <> w or x — w since otherwise Mg, [u, w, x] ¢ C3. By noticing M, [u, x, w], Mk,[Vv, X, w] € C3,
one can easily verify that v— x and u > x if x <> w,and x < v and u < x if x > w.

Denote by Vi ={xe V(Mg,) | w<x}U{w} and V, ={xe V(Mg,) | w < x}. It is clear that u,ve V, and V =V U V3.
For any two vertices x1, X; € V1 \ {w}, we have x; <> x] since x1,x] < w and M¢[x1, x{, w] € C3. Similarly, we have x; <> x,
for any x;, x’2 € V. Moreover, for any x; € V1\{w} and x; € V3, we have x; — xq since x; <> w, X — w and M¢[x1, X2, W] €
Cs. Thus, Mg, = Kn[s,t] where s=|V3|>2and t=|V¢|>1. O

Similarly, we get the following result.

Lemma 10. Let M, be a mixed graph on n > 3 vertices in which any mixed triangular belongs to C3. If M, contains K;’3 , then
Mg, € {Kuls,t]|s>1,t>2,s+t=n}.

Proof. Assume that u, v,  induce a 1(32'3 with u <~ w, v <— w and u < v. For any vertex x € V(Mg,)\{u, v, w} (if exists), we
have either x <> w or x <— w since otherwise My, [u, w,x] ¢ C3. Note that M, [u, x, w], Mg,[v,x, w] € C3. We have x — u
and x—>vifw<x andx<uand x< v if o —x. Let V3 ={xe V(Mg,) |w < x} U{w} and V4 ={xc V(Mg,) | o — x}.

Clearly, V(Mg,) =V3UVy, u, v € V3. Taking x3,x; € V3 and x4, X, € V4, we get x3 <> x; and x4 <> x}, Therefore, V3 and
V4 induce a clique, respectively, and |V3| > 1, |V4| > 2. Moreover, we also have x3 — x4 for any x3 € V3, x4 € V4. Therefore,
we get Mg, = Kp[s,t] with s=|V3|>1and t =|V4|>2. O

Lemmas 9 and 10 yield the following result.
Theorem 2. Let M, be a mixed graph with underlying graph K, and n > 3. Then the following statements are equivalent:

(i) any mixed triangle of M, belongs to C3;
(ii) Mk, € {Knls,t]|s,t >0,s+t=n};
(111) MKn S [Kn].

Proof. Firstly, assume that any triangle of M, belongs to C3. Lemma 9 and Lemma 10 indicate that Mg, € {Kx[s,t]|s >
1,t>1,s+t=n} when Mg contains 1(5‘2 or K32’3. If Mg, contains neither K32'2 nor K%’B, then any mixed triangle of Mg, is
K3, and thus Mg, = K, = Ky[n, 0]. Conversely, one can easily verify that any mixed triangle of Kj[s, t] belongs to C3. Thus,
(i) & (ii).

Next we will show [K;] = {Ky[s,t]|s,t >0,s +t =n}. It is clear that {K,[s,t]|s,t >0,s+t=n} C [K;,]. It suffices
to show that [K,] C {Ky[s,t] |s,t > 0,s +t =n}. By the arguments above, it only needs to show that any mixed triangle
in Mg, belongs to Cs3 for any M, € [Ky]. Assume that H(Mg,) = [hj ] for a mixed graph M, € [K;]. Since M, € [Kx],
there exists a diagonal matrix D = diag(dy,d, ..., dy) with d; e {+i, £1} such that DH(M,)D* = H(Kp). Therefore, for any
{u,v,w} € V(Mg,), we have

dy _0 huv  hwu dy L 011
dy huy _0 hyw dy e 101
dw/) \hwy hyw O dw 110

It leads to dyhyydy, =1, dyhywdw =1 and dyhwud, = 1. Thus, we have hyyhywhwy = 1. It implies that either exactly one of
hyy, hyw, hwy equals to 1 or all of them equal to 1. If the former case happens, say hy, =1, then {hyy, hyy} = {£i}, which
means Mg, [u, v, w]= 1(3%’2 or K32’3. If the latter case happens, then M, [u, v, w] = K3. Therefore, (ii) < (iii).

The proof is completed. O

Now we give a simple application of Theorem 2 as follows.

5
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Theorem 3. Let M¢ be a connected mixed graph on n vertices. Then Amin(M¢) > —~/2 if and only if M¢ € {Ku[s,t]]s,t >0,s+t =
n}.

Proof. Theorem 2 implies that the mixed graph Kjy[s,t] has the spectrum {n — 1, [—11™1}, and the sufficiency follows.
Now we consider the necessity. Assume that M¢ is a mixed graph on n vertices with Amin(Mg) > —+/2. Since Sp(Mp,) =
Sp(P3) = {£+/2, 0}, the path P3 cannot be an induced subgraph of G due to Corollary 1. Thus, we have G = K. Furthermore,
since Amin(M¢) > —+v/2 > —+/3, Lemma 7 also implies that each triangle in M¢ belongs to Cs. Thus, we have M¢ € {Kn[s, t] |
s,t >0,s+t=n} by Theorem 2. O

Theorem 3 gives the characterization of mixed graphs with Amin > —+/2. In what follows, we will further determine the
mixed graphs with Amin > —v/2.

Lemma 11. Let M¢ be a connected mixed graph on n vertices. If Amin(M¢) > —~/2, then G is {P3V K7, (K2 U K1) VK1 }-free.

Proof. Suppose to the contrary that G contains induced H for H € {P3VKjy, (K U K1)VK;y}. Therefore, Corollary 1
means that A4(My) > —v/2 > —+/3, and thus each mixed triangle of My belongs to C3. Note that H has no cycle
with length greater than 3. Theorem 1 implies that A4(Mpy) = A4(H), which equals to A4(P3VK7i) = —1.56 < —/2 or
2a((K2 UK1)VK7) = —1.48 < —+/2, a contradiction. O

By Lemma 11, we get the following result.

Theorem 4. Let M¢ be a connected mixed graph on n > 4 vertices. Then Amin(M¢) > —+/2 if and only if Mg, € {Kyls, t]]s,t >
0,s+t=n}UCs.

Proof. The sufficiency is immediate and we show the necessity in what follows. We divide two cases to discuss.

Case 1. G is P3-free.

In this case, we have G = K. Since Amin(M¢) > —+v/2 > —+/3, any mixed triangle in M¢ belongs to C3 by Lemma 7.
Thus, Theorem 2 means M¢ € {Ky[s, t]|s,t >0,s+t=n}.

Case 2. G is not P3-free.

In this case, suppose that there exists u,v,w € V(G) such that G[u,v,w] = P3 with u ~v and v ~ w. Note that
2a(Pg) ~ —1.618 < —/2 and r(Kq3) = —+/3 < —+/2. Corollary 1 implies that G is {P4, K1 3}-free, and thus the diameter
d(G) = 2. Therefore, each vertex y € V(G) \ {u, v, w} of V(G) is adjacent to at least one vertex of {u, v, w}. If y is adjacent
to exactly one vertex of {u, v, w}, then G either contains an induced P4 or K 3, which is impossible. If y is adjacent to all
the vertices {u, v, w}, then G[u, v, w, y] = P3VKj, which contradicts Lemma 11. Thus, y is adjacent to exactly two vertices
of {u,v,w}. If y~u,v or y~v,w, then G[u, v, w, y] = (K, UK{)VKy, which contradicts Lemma 11. Thus, y ~ u, w, that
is G[u, v, w, y] = C4. Next, we claim that n = 4. Otherwise, there exists another vertex y’ € V(G) \ {u, v, w, y}. By regarding
y" as y, we have G[u, v, w, y'] = C4. Therefore, we have G[u,v,y,y’ ] = K13 when y =y’ and G[u, v, y, y'] = (K2 UK1)VKq
when y ~ y’, which are all impossible. Therefore, we have G = C4, and thus M¢ € C4 by Fig. 1.

This completes the proof. O

In what follows, we characterize the mixed graph M¢ with Apin(M¢g) > _1+2_\/§' We first find some structural constraints
on the underlying graph G.

Lemma 12. If M¢ is a mixed graph with underlying graph G = K n, then Amin(Mg) < —# except for G € {K2, K12, K2.2}.

Proof. Assume Amin(Mg) > —”Tf'r’, then G has no K3 as an induced subgraph since A3(K13) = -3 < —”2—‘/5 ~ —1.618.
This leads to G € {K2, K12, K22}. O

By applying Theorem 1, we get the following result.

Lemma 13. Let M¢ be a connected mixed graph on n vertices. If Amin(M¢g) > ~ Y5 then G s {P4,K13,K23,2K1VKy 2 =

2
K1VKz 2, K2V3Ky, K2 V(K2 UKy), K2VKy 2, 2K1 VK3}-free.

Proof. By Corollary 2, we have A4(Mp,) = A4(Py) = —# for any Mp, € Mp, and Aq(Mg,,) = 24(K13) = -1.73 <
—# for any My, ; € Mg, ;. Thus, Corollary 1 implies that G is {P4, K1 3}-free. Suppose to the contrary that G con-
tains an induced K3 3. Corollary 1 indicates that As(Mg,,) > —#, which contradicts Lemma 12.

Suppose to the contrary that G contains an induced K1 VK3 > labeled as Fig. 2. Since M = M, vk, , has smallest eigen-

value greater than —@, Lemma 7 implies all mixed triangles of M belong to C3 and Lemma 8 implies all quadrangles
of M belong to C4. If the mixed induced quadrangle Mk, , is equal to CZ, then we have either uy — v or v — uy since

6
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uq Uy

N
S\

uq uz Uq Up

Y
Y

Uy Ug 3 u. 3 ug us
K1VKa2 us My, , = ngl My, , = C}l My, , = Ci
uq uy Uy uz uy uz
v
Y Y I I
[ ] —_— —_—
4 - 3 Ug us Ug us3

Fig. 2. The graphs used in Lemma 13.

MI[uq, v, uy] € Cs. It leads to that u; — v and thus v <> u, since otherwise v — up and M[v, uy, u3] ¢ C3 (see Fig. 2(1)).
Since v <> uy, uy — us and M[v, uy, us] € C3, we have v — us (see Fig. 2(2)). However, M[v, us, u4] cannot belong to C3, a
contradiction. Similarly, if the mixed induced quadrangle M Ka.2 is equal to C}1 or Cﬁ, then M € {M1, My, M3} whose smallest

eigenvalues are all —2 < —@, a contradiction.

Suppose to the contrary that G contains an induced subgraph H in {K;V3Ky, K2V(Ky U K1), Ko VK 2, 2K1VK3}. There-

fore, M¢ contains a mixed induced graph My with order 5. Corollary 1 indicates that A, (Mpg) > Amin(Mg) > —#. Thus,
each mixed triangle in My belongs to C3;. Note that H contains no cycle of length greater than 3. Theorem 1 implies that
Am(Mp) = Am(H). It leads to a contradiction since A5(KyV3K1) = —2, A5(K2V(K2 U Kp)) = —1.68, A5(K2VKi2) = —1.65

and A5(2K1VK3) = —1.65 which are all smaller than —#. O

From Lemma 13, we determine the underlying graphs of M¢ with smallest eigenvalue greater than —%.

Lemma 14. Let M¢ be a connected mixed graph on n vertices. If Amin(M¢) > — # then G belongs to

{K2.2. K1 VK12, 2K2V2K1, (K3 UK1) V2K | J{(Ks UKD VK [5.6> 0,5+t =n—1}.

Proof. We may assume that n > 2 since there is nothing to prove when n = 1. From Lemma 13, we have G is P4-free and
thus G = XVY with |X[,|Y| > 1 due to Lemma 3. If both X and Y have no edge, then G = K5, and thus G € {K3, K12, K22}
due to Lemma 12, where both K = (K1 U Ko)VK; and Kj 2 = (K1 U K1)VK; have the form (Ks; U K;)VK;. Now we may
assume that one of X and Y contains K, say X. Therefore, Lemma 13 implies that Y is {3K;, K2 U K1, K1 2}-free and thus
Y € {2K1, K5 | s > 1} due to Lemma 4. If Y = K with s > 2, then Lemma 13 implies that X is {3Ky, K2 U Ky, K; 2}-free.
Thus, Lemma 4 means that X = K, with r > 2 since X contains K,. Therefore, G = K, = (K1 U Ko)VKy with n > 4. If
Y =2Kj, then Lemma 13 indicates that X is {3Kj, K12, K3}-free. Hence, X € {2K3, K2 U K1, K2} due to Lemma 4, and thus
G € {2KV2K1, (K2 U K1)V2K1, K2 V2K = K1 VK 2},

In what follows, we consider the case of Y = Kj, that is G = XVKj. Since G is Kj 3-free according to Lemma 13, we
have X is {3K7}-free and X has at most two connected components. Suppose that X has two connected components, say
X1 and X, with |Xq]|, |X2| > 1. Then both X; and X, are P3-free since otherwise X has an induced 3Kq, and so X; and X
are complete graphs. Therefore, G = (Ks U K;)VKy with s+t=n—1 and s, t > 1. Next we may assume that X is connected.
Since X is P4-free, we have X = X;VY; with |Xq],|Y1] > 1 from Lemma 3. If both X; and Y; have no edges, then X
is a bipartite graph and so X € {K2, K12, K22} by Lemma 12. Note that Lemma 13 means that G is K; VK3 »-free. Thus,
G € {K3,K1VKj2}. Now we may assume that X; contains a K. Then Yy is {3K1, K2 U K1, K1 2}-free by Lemma 13. Hence,

7
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Y1 € {Ks, 2K1} by Lemma 4. If Y1 = K with s > 2, then X; is {3K1, K2 UK1, K1 2}-free by Lemma 13. By Lemma 4, we have
X1 = K¢(t > 2) since X7 has an edge. Note that G = XVK; = (X1VY1)VKj. Therefore, G = (KsVK;)VKy = K, for n > 5. If
Y1 =2K;, then G = X1V2K;VK; = X1VK; . Lemma 13 indicates that X; is {2K1, K;}-free, and thus X; = K;. Therefore,
G=K1VKi. If Y1 =Kj, then G = X1 VK1 VK; = X1 VK;. Therefore X1 is {3K1, K2 UKy, K1 2}-free by Lemma 13. Lemma 4
indicates that X1 = Ks(s > 2) since X; has an edge. Thus, G = K;VK, = (K,—1VKp)VKy with n > 4.

The proof is completed. O

In what follows, we detect all mixed graphs whose smallest eigenvalues are greater —”Tﬁ by considering one by one
all the possible underlying graphs.

Lemma 15. Let M¢ be a mixed graph with G = (K2 U K1) V2Kj. If any mixed triangle of M¢ belongs to C3 and any induced mixed
quadrangle of M¢ belongs to C4, then M¢ € {H1, ..., Ho} shown in the Appendix.

Proof. Let V(G) = {vq, V2, ..., v5} (see the Appendix). Clearly, Mg has two induced quadrangles M¢[v1, va, v3, v4] and
Mc[vq, vs, v3, v4]. Note that any induced mixed quadrangle belongs to C4. We divide four cases to discuss.

Case 1. One of them is C3.

In this case, we may assume Mg[V1, V2, V3, V4] = C?l. Clearly, there are two different orientations of the mixed cycle
Mcg[vq, V2, V3, V4]: Vi = V3 — V3 — v4 and v — v4; V3 — V3 — v4 — v1 and vy — vq. If the former happens, then
Mg[v1, Vs, V3, V4] = C?l, and thus v{ — vs, v5 — v3 and v, <> v5 since any induced mixed triangle belongs to Cs. It yields
that Mg = Hy. If the latter happens, then M¢[v1, Vs, V3, V4] = C}l or Ci. Therefore, one can easily verify that Mg = H»
when Mg[v1, vs, v3, v4] = C}, and Mg = H3 when M¢[v1, vs, v3, v4] = Cj.

Case 2. M¢[v1, V2, V3, V4] = Mg[vq, Vs, V3, V4] = Ci

In this case, there are also two different orientations of M¢g[vq, V2, V3, V4]: V1 — V3, Vo < V3, V3 — Vg, V4 < V1]
V{1 <> V3, Vo — V3, V3 <> V4 and v4 — v1. Therefore, one can easily verify that Mg = H4 when the former happens and
M¢ = Hs when the latter happens by noticing that any mixed triangle belongs to Cs.

Case 3. Mcg[v1, V2, V3, V4] = Mg[V1, V5, V3, V4] = C}l

In this case, there are three different orientations of Mg[v1, V2, V3, V4]: Vi — V2, Vo — V3, V3 <> V4 and vgq < Vq;
V1 <> Vy, V2 = V3, V3 — Vg and V4 <> V1 V1 < V2, V2 <> V3, V3 — V4 and v4 — vq. One can easily verify that Mg = Hg
when the first case happens, Mg = H7 when the second case happens, and M¢ = Hg when the third case happens.

Case 4. M¢[vq, v, V3, V4] = CAll and Mg[v1, Vs, V3, V4] = Cﬁ.

In this case, there are three different orientations of Mg[v1, V2, V3, V4]: Vi — V2, Vo — V3, V3 <> V4 and vy < Vq;
V1 <> V2, Vo — V3, V3 —> V4 and V4 <> V{; V1 < Vg, Vy <> V3, V3 — V4 and v4 — vq. If the first or the third case happens,
then M¢[v1, vs, v3, v4] cannot be C2, which is impossible. If the second case happens, then M¢ = Ha.

This completes the proof. O

As similar to Lemma 15, we present the following result but omit the tautological proof.

Lemma 16. Let M be a mixed graph with G = 2K, V2Kj. If any mixed triangle of M¢ belongs to C3 and any induced mixed quad-
rangle belongs to Cq4, then M¢ € {Ho, ..., Hao} shown in the Appendix.

The coalescence M e, M’ of two mixed graphs M and M’ is obtained from M U M’ by identifying a vertex u of M with
a vertex v of M.

Lemma 17. Let G be a connected graph with a cut vertex v such that G — v = G1 U G with V1 = V(Gy) and V, = V(Gy). If
Gy =G[ViU{v}land GJ = G[V, U {v}], then [G]={M e, , M’ |M € (Mg+]. M e [GS1}.

Proof. It is clear that G =G e, , G5 . For any M e M’ with M € [M¢+] and M’ € [GF], there exist diagonal matrices D; and

D, with diagonal entries in {#1, &i} such that D1H(M)D] = H(GT) and DoH(M')D, = H(G;). Note that the v-th diagonal
entries of Dy and D satisfy D,(v) =€D1(v) for some € € {£1, £i}. Let D be the diagonal matrix indexed by V(G) such
that the diagonal entries are D(v1) = D1(vq) for vi € V1 U {v} and D(vy) = €D,(vy) for v, € V,. Therefore, one can easily
verify that DH(M e, M")D* = H(G{ ey, GJ) = H(G), and thus M e, , M’ € [G].

Conversely, for any Mg € [G], there exists diagonal matrix D such that DH(Mg)D* = H(G). Note that Mg =M e, , M’
where M = M¢[V1U{v}] and M’ = Mg[V, U{v}]. Let D1 and D, be the diagonal matrices indexed by V{ U{v} and V, U {v}
respectively such that the diagonal entries are D{(v1) = D(vq) for any vi € V1 U {v} and D;(vy) = D(vy) for any v, €
V U {v}. Therefore, one can easily verify that DyH(M)D} = H(G{) and D,H(M')D} = H(G3), and thus M € [G{] and
M e[G]]. O

Now we are ready to present our main result.

Theorem 5. Let M be a connected mixed graph on n vertices. Then Ay > — ”TIS ifand only if Mg € H1 U Hy U H3 U Hy, where

8
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H1={C},C3,C3,H1, Ha, ..., Ha7},

Hy={Meyy M |ueV(M),veVM) M e[Ks3], M €[K3]UI[Kal},
Hs = [Kn] = {Kn[s, t]]s,t > 0,5+t =n},

Ho={Meyy, M |uecV(M),veVM) M Ee[Ka],M €[Ky_1]}.

Proof. To prove the sufficiency, it only needs to show that each graph in H; U#H, UH3 U7H4 has smallest eigenvalue greater
than —”T‘B. By immediate calculations, the smallest eigenvalues of cl, Cﬁ,Ci are all —v/2 > —”Tf'r’ and the smallest

eigenvalues of Hq, Hy, ..., Hy7 are all —1.56 > —# (see the Appendix). For any M € [K3] and M’ € [K3], Lemma 17 im-
plies that Sp(M e, v M) = Sp(K3 ey K3). Thus, we have Sp(M e, , M') = {2.56, 1, [-1)?, —1.56} by immediate calculations.
Similarly, if M € [K3] and M’ € [K4], we have Sp(M e, , M) = {3.26, 1.34, [—1]3, —1.60}. Theorem 2 implies that Ky [s, t] has
smallest eigenvalue —1. For any M¢ € H4, Lemma 17 implies that Sp(M¢) = Sp(Kn—1 ey,v K2), whose smallest eigenvalue
is the smallest root of ¢(x) = x> + (3 —n)x? + (1 —n)x — 1 =0. Note that ¢(—1) =0, <p(—l+T‘ﬁ) =1—n<0 for n> 2. The
smallest root of ¢(x) is greater than —# by the image of ¢(x), and thus Apin(Mg) > —#.

In what follows, we show the necessity. Since Amjn(M¢g) > —#, Lemmas 7 and 8 indicate that any mixed triangle
of Mg belongs to C3 and any mixed induced quadrangle of Mg belongs to C4. From Lemma 14, the underlying graph G
belongs to

{K2.2. K1 VK12, 2K2V2K1, (K3 U K1) V2K } | J{(KsUK)VKy [s+t=n—1}.

If G =K, then Mg € {cl, C?l, Ci} C H4 due to Lemma 8. If G = K1VKj 3, then G contains no induced cycle with length
greater than 3. Thus, Theorem 1 implies that M¢ € [K1 VK1 2] ={H21, ..., Ha7} € H1. If G =2K,V2K; or (K2 U K1)V2Ky,
then Mg € {Hq, ..., Hyo} € H1 due to Lemmas 15 and 16.

If G=(KsUK;)VKy with s=0 or t =0, then G = K;,. Since any mixed triangle of M belongs to C3, Theorem 2 means
that Mg = Mg, € {Knls,t]|s,t>0,s+t=n}=[Ky] =H3. Now we suppose G = (Ks U K;)VK; with s,t>1 and s > t. Note
that G contains no induced cycle with length greater than 3, Theorem 1 indicates that M¢ € [G] and thus Sp(M¢) = Sp(G).
Note that [(Ks UK;)VKi]={M eyy M’' | M € [Ks11], M € [K¢+1]} due to Lemma 17. Assume that w: V(G) = V1 U{v}UV;
is the partition such that G[V1 U {v}] = K511 and G[V3 U {v}] = K¢41. The Hermitian matrix of G is

]S - IS 15 05><l'
H(G) = 1Y 0, 1 ,
0 1 Js—1s
where J, I, 1 and 0 are respectively the all-one matrix, identity matrix, all-one vector and zero matrix with the correspond-
ing sizes. Therefore, Lemma 2 indicates that 7t is an equitable partition with quotient matrix

s—1 1 0
H; = S 0 t
0 1 t—1
Assume that V{ ={vq,va,...,vs} and Vo ={uq,up,...,us}. For 1 < j<sand 1 <k <t, let §; ; € R® be the vector indexed

by V1 such that §; j(v{) =1, &1 j(vj) =—1 and & j(vj) =0 for j’ ¢ {1, j} and let &, be the vector indexed by V; such
that 8, k(u1) =1, 8y k(ur) = —1 and 8, (up) =0 for k' ¢ {1, k}. It is easy to see that H(G)81,j = —81,j and H(G)Syx = =82k
for any j and k, and thus H has an eigenvalue —1 with multiplicity at least s+t —2 =n — 3. Lemma 2 implies that the
other three eigenvalues of G are just the roots €; > €, > €3 of the function f(x) =det(x] — By) =x3 + (2 —t — §)x% + (st —

2t —2s 4+ 1)x — s — t + 2st, and thus €3 = Apjn(G) > —l+2—‘/§. It is clear that f(0) =st —s —t > 0. Note that €; > 0. By the
image of the function f(x), we have f(—#g) <0.If t > 3 then

1+4/5. 3-45 1-v5_3-V5 1-45
— = st—s—t > S
I 2 ) 2 ( )+ 2 - 2 + 2
a contradiction. Thus, we have t < 2.If t =2 then f(— 1+2\/§) = 3_2‘/55— 5_2*/5 <0.Itleads to s < # ~ 3.62. Thus, we have
s=2 or 3 since s >t =2. It means M¢ € [(Kz UK2)VK{]U[(K3UK2)VKi]={M ey, M | M € [K3], M’ € [K3]U[Ks]} = Ha.
If t =1 then f(—#) = —1 < 0 always holds. Thus, s>t =1 and Mg € [(Ks UK{)VK1]={M e,y M' | M € [K3], M €
[Kn-11} = Ha.
This completes the proof. O
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Appendix A. The mixed graphs C4 and Hq, ..., Hy7 with their smallest eigenvalues

V2 Vs

v
v
o
N

V4
Hi,—1.56 Hj,—1.56 H3,—1.56 Hy4,—1.56 Hs,—1.56

&
5
&
'

Hg, —1.56 H7,-1.56 Hg,—1.56 Hg, —1.56 H1o, —1.56

N%
<
Ve
<
<

Hi1,—1.56 Hiy,—1.56

<
<

Hqz, —1.56

Hys, —1.56

Hie, —1.56 Hy7,-1.56 Hig,—1.56 Hig,—1.56 Hjo, —1.56
Hy1, —1.56 Hyy,—1.56 Hy3, —1.56 Hy4, —1.56 Hys, —1.56
y
H2s, —1.56 Ha7,-1.56 cl.-v2 2.-v2 . —v2




L Lu, Z. Lou and Q. Huang Discrete Mathematics 345 (2022) 112939

References

[1] A. Abdollahi, E.R. van Dam, M. Jazaeri, Distance-regular Cayley graphs with least eigenvalue —2, Des. Codes Cryptogr. 84 (2017) 73-85.
[2] A. Alazemi, M. Andeli¢, F. Belardo, M. Brunetti, C.M. da Fonseca, Line and subdivision graphs determined by T4-gain graphs, Mathematics 7 (926)
(2019), https://doi.org/10.3390/math7100926.
[3] B. Bollobés, V. Nikiforov, Graphs and Hermitian matrices: eigenvalue interlacing, Discrete Math. 289 (2004) 119-127.
[4] AE. Brouwer, A. Neumaier, The graphs with spectral radius between 2 and /2 + /5, Linear Algebra Appl. 114/115 (1989) 273-276.
[5] D.M. Cvetkovi¢, M. Doob, I. Gutman, On graphs whose spectral radius does not exceed v/2 + +/5, Ars Comb. 14 (1982) 225-239.
[6] D.M. Cvetkovi¢, P. Rowlinson, S. Simi¢, Spectral Generalizations of Line Graphs: On Graphs with Least Eigenvalue —2, Cambridge University Press,
Cambridge, 2004.
[7] D.M. Cvetkovi¢, P. Rowlinson, S. Simi¢, Graphs with least eigenvalue —2: ten years on, Linear Algebra Appl. 484 (2015) 504-539.
[8] C.D. Godsil, G. Royle, Algebraic Graph Theory, Springer-Verlag, Berlin, 2001.
[9] K. Guo, B. Mohar, Hermitian adjacency matrix of digraphs and mixed graphs, J. Graph Theory 85 (1) (2016) 217-248.
[10] K. Guo, B. Mohar, Digraphs with Hermitian spectral radius below 2 and their cospectrality with paths, Discrete Math. 340 (2017) 2616-2632.
[11] AJ. Hoffman, On limit points of spectral radii of nonnegative symmetric integral matrices, in: Y. Alavi, D.R. Lick, A.T. White (Eds.), Graph Theory and
Application, Proceedings of a Conference at Western Michigan University, 1972, in: Lecture Notes in Math., vol. 303, Springer, Berlin, 1972, pp. 165-172.
[12] A. Hoffman, On graphs whose least eigenvalue exceeds —1 — +/2, Linear Algebra Appl. 16 (1977) 153-165.
[13] J.H. Koolen, J. Yang, Q. Yang, On graphs with smallest eigenvalue at least —3 and their lattices, Adv. Math. 338 (2018) 847-864.
[14] S. Kubota, T. Taniguchi, K. Yoshino, On graphs with the smallest eigenvalue at least —1 — +/2, part IIl, Ars Math. Contemp. 17 (2019) 555-579.
[15] J. Li, X. Li, Hermitian-adjacency matrices and Hermitian energies of mixed graphs, Linear Algebra Appl. 466 (2015) 182-207.
[16] A. Munemasa, Y. Sano, T. Taniguchi, Fat Hoffman graphs with smallest eigenvalue at least —1 — 7, Ars Math. Contemp. 7 (2014) 247-262.
[17] D. Seinsche, On a property of the class of n-colorable graphs, J. Comb. Theory, Ser. B 16 (1974) 191-193.
[18] J.H. Smith, Some properties of the spectrum of a graph, in: Combinatorial Structures and Their Applications (Proc. Calgary Internat. Conf., Calgary, Alta.,
1969), Gordon and Breach, New York, 1970, pp. 403-406.
[19] T. Taniguchi, On graphs with the smallest eigenvalue at least —1 — /2, part I, Ars Math. Contemp. 1 (2008) 81-98.
[20] T. Taniguchi, On graphs with the smallest eigenvalue at least —1 — +/2, part II, Ars Math. Contemp. 5 (2012) 243-258.
[21] J.F. Wang, F. Belardo, Q.X. Huang, On graphs whose Laplacian index does not exceed 4.5, Linear Algebra Appl. 438 (2013) 1541-1550.
[22] J.F. Wang, Q.X. Huang, F. Belardo, E.M. Li Marzi, On graphs whose signless Laplacian index does not exceed 4.5, Linear Algebra Appl. 431 (2009)
162-178.
[23] J.F. Wang, X.Y. Lei, W. Wei, X.B. Luo, S.C. Li, On the eccentricity matrix of graphs and its applications to the boiling point of hydrocarbons, Chemom.
Intell. Lab. Syst. 207 (2020) 104173.
[24] J.F. Wang, M. Lu, L. Ly, F. Belardo, Spectral properties of the eccentricity matrix of graphs, Discrete Appl. Math. 279 (2020) 168-177.
[25] Y. Wang, B. Yuan, On graphs whose orientations are determined by their Hermitian spectra, Electron. J. Comb. 27 (3) (2020) P3.55.
[26] P. Wissing, E.R. van Dam, The negative tetrahedron and the first infinite family of connected digraphs that are strongly determined by the Hermitian
spectrum, J. Comb. Theory, Ser. A 173 (2020) 105232.
[27] R. Woo, A. Neumaier, On graphs whose spectral radius is bounded by %ﬁ Graphs Comb. 23 (2007) 713-726.
[28] B. Yuan, Y. Wang, S. Gong, Y. Qiao, On mixed graphs whose Hermitian spectral radii are at most 2, Graphs Comb. 36 (2020) 1573-1584.

11


http://refhub.elsevier.com/S0012-365X(22)00145-5/bibF50AE2BEA9E90FF58C20E0FF81E4958As1
https://doi.org/10.3390/math7100926
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib3B3E119468DF4438B8AB3840F3CD1766s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib0C1E16A92A14F02458D3D8428D8F8BA8s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib21858A99885231D7C3635DA35A9776ABs1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib7ABE2A9452BDCC220599FC907D9EE1D5s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib7ABE2A9452BDCC220599FC907D9EE1D5s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib76B5F3768E1B8A2B0743E3341700D13Cs1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bibFDF30A3327BB91263F49946CE6BE741Cs1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bibAFDAAD028F3B7AD542BA5ED3D4D92FC5s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bibC35309DDF5A55A2731ACC43EC8053CD5s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib6F72AA1648670B303A0A0A8A0D63C1C6s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib6F72AA1648670B303A0A0A8A0D63C1C6s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib7B8D66F0FEC875430CC62FCAEF3C97E9s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib430AAA13A33A83218C1279397299FADFs1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib9C2748D5B2027DCBA4A3E1BDED1ACB14s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib07D8568FD7DE797AA19F0F0120EBE1A4s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bibB6406F88FB717589FC2D4D5EC4D80DFFs1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib37027F9912A19FE01C0364DCE5A96B9Cs1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bibE95F770AC4FB91AC2E4873E4B2DFC0E6s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bibE95F770AC4FB91AC2E4873E4B2DFC0E6s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib7540295CB60FE9A775D86A342C12AE51s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib0DF04CDCE05450C3030AB0686AA0FF30s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bibF371DF4A3AF30B9DAE03920423810C0Es1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib09FA588F2B20674BA8FFB6BD968F33E6s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib09FA588F2B20674BA8FFB6BD968F33E6s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bibB032C0DF409FD36D4D308388241B5D1Bs1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bibB032C0DF409FD36D4D308388241B5D1Bs1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib765F0B07F692D32932C78BFD7450FEAAs1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib957B05EB2D9BFAF59947E44A46C3C7B3s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib18F3F64D8FA293AC4030C867EDF7F8CAs1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib18F3F64D8FA293AC4030C867EDF7F8CAs1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bibC7532F22A052D716F7B2310FB52AD981s1
http://refhub.elsevier.com/S0012-365X(22)00145-5/bib3D088CE78ABD195BA1E43AA4D95BB1F7s1

	Mixed graphs with smallest eigenvalue greater than −√5+1/2
	1 Introduction
	2 Preliminaries
	3 Mixed graphs with λmin>−√5+1/2
	Declaration of competing interest
	Acknowledgements
	Appendix A The mixed graphs C4 and H1,...,H27 with their smallest eigenvalues
	References


