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interpreted as the opposite of the adjacency matrix obtained from the distance matrix by
keeping only the distances equal to 1 for each row and each column. The &-eigenvalues
of a graph G are those of its eccentricity matrix £(G). Wang et al. [24] proposed the
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Spectral radius maximum ¢-spectral radius of n-vertex trees with fixed odd diameter is obtained, and the
The least eigenvalue corresponding extremal trees are also determined. Recently, Wei et al. [22] determined
Diameter all connected graphs on n vertices of maximum degree less than n — 1, whose least

eccentricity eigenvalues are in [—2+/2, —2]. Denote by S, the star on n vertices. For tree
T with order n > 3, it [22] was proved that &,(T) < —2 with equality if and only if
T = S;. According to the above results, the trees of order n > 3 with least e-eigenvalues in
[—2+/2,0) are only S,. Motivated by [22], we determine the trees with least e-eigenvalues
in [—2 — /13, —=2+/2).
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1. Introduction

In this paper, we only consider connected and simple graphs, and refer to Bondy and Murty [2] for notations and
terminologies used but not defined here.

Let G be a graph with vertex set V(G) and edge set E(G). G — v (resp. G —uv) is the graph obtained from G by deleting
vertex v together with incident edges (resp. edge uv € E(G)). This notation is naturally extended if more than one vertex
or edge is deleted. Similarly, G + uv is obtained from G by adding an edge uv ¢ E(G). If U C V(G), then we write G[U]
to denote the induced subgraph of G with vertex set U and two vertices being adjacent if and only if they are adjacent in
G. A pendant vertex is the vertex of degree 1 and a supporting vertex is the neighbor of a pendant vertex. A pendant edge is
an edge which is incident to a supporting vertex and a pendant vertex. Denote by P, C,, S, and K, the path, cycle, star
and complete graph on n vertices, respectively. An acyclic graph is one that contains no cycles. A connected acyclic graph
is called a tree. If the tree is nontrivial, a vertex of degree one is called a leaf of the tree. A caterpillar tree is a tree with a
single path containing at least one endpoint of every edge. For a real number x, denote by | x| the greatest integer no more
than x, and by [x] the least integer no less than x. We may denote the n x n identity matrix by I,.
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We denote the neighbors of vertex u and the degree of vertex u in graph G by N¢(u) and dg(u), respectively. The
distance d¢ (u, v) between vertices u and v is the length of a shortest path between them in G and the eccentricity of vertex
u is defined as eg(u) = max{dg(u, v)|v € V(G)}. Then the diameter of G, written as diam(G), is max{ec(u)|u € V(G)}.
A diametrical path is a path whose length is equal to the diameter of G.

Let M(G) be an n x n matrix closely related to the structural theory of a graph G. Then the M-polynomial of G is
defined as ¢u (G, A) = det(Al, — M(G)), and the roots of ¢y (G, A) =0 are the M-eigenvalues. The M-spectrum Specy(G) of
G is a multiset consisting of the distinct M-eigenvalues together with their multiplicities, in which the maximum modulus
is called the M-spectral radius of G. It is well-known that there are several classical graph matrices, including adjacency
matrix, distance matrix, Laplacian matrix, signless Laplacian matrix, resistance matrix and so on.

Let D(G) be the distance matrix of G with (u, v)-entry (D(G))yv = d¢(u, v). The eccentricity matrix £(G) of G is con-
structed from the distance matrix D(G) by only retaining the eccentricities in each row and each column and setting the
rest elements in the corresponding row and column to be zero. To be more precise, the (u, v)-entry of eccentricity matrix
is defined as

(D(G))uv, if (D(G))uy = minfec(u), ec(v)};

0, otherwise.

€G)uv = {

It is obvious that &(G) is real and symmetric. Then the e-eigenvalues of G are real, denoted by £1(G) > €2(G) > --- > €,(G).
Randi¢ et al. [19,20] defined so-called Dpyax matrix, which was renamed as the eccentricity matrix by Wang et al. [23].
Furthermore, Dehmer and Shi [6] studied the uniqueness of Dpy4x-matrix. Recently, Wang et al. [25] studied the graph
energy based on the eccentricity matrix; Wang et al. [24] studied some spectral properties of the eccentricity matrix of
graphs; Mahato et al. [16] studied the spectra of graphs based on the eccentricity matrix; Tura et al. [21] studied the
eccentricity energy of complete multipartite graphs. Patel et al. [18] studied the irreducibility and the spectrum of the
eccentricity matrix for particular classes of graphs, namely the windmill graphs, the coalescence of complete graphs and the
coalescence of two cycles, and further estimated the eccentricity energy and inertia for the graphs of these classes. Lei et al.
[11] characterized the graphs whose second least e-eigenvalue is greater than —y/15 — +/193; moreover it is shown that all
these graphs are determined by their e-spectrum. Wei et al. [22] determined the n-vertex trees with minimum &-spectral
radius. Furthermore, in [22], the authors identified all trees with given order and diameter having minimum e-spectral.

Note that the adjacency matrix A(G) can be regarded as constructed from the distance matrix D(G) by selecting only
the smallest distances for each row and each column, which correspond to adjacent vertices. From this point of view, the
eccentricity matrix can be viewed as the opposite to the adjacency matrix [23] and these two matrices express two extremes
of distance-like matrix.

The adjacency and distance matrices have been extensively studied and applied; see [1,3-5,7-10,12-14,17,26-28]. One
of the most important facts is that the adjacency and distance matrices of connected graphs are irreducible, but it does
not hold for all eccentricity matrices. Let T be a tree with at least two vertices. Recently, Wang et al. [23] proved that the
eccentricity matrix of T is irreducible and they characterized the relationships between the A-eigenvalues and e-eigenvalues
of some graphs. Then ¢-spectral radius €1(T) is positive and there is an eigenvector corresponding to £1(T), called Perron
eigenvector, whose each coordinate is positive by Perron-Frobenius Theorem. Let M and N be two matrices with same order.
If (N)ij < (M);; for each i, j, we let N < M.

In view of more novel properties of eccentricity matrix, further discussion is needed. In particular, Wang et al. [24]
proposed the following problem.

Problem 1.1 ([24]). Which trees have the maximum &-spectral radius?

Recently, Wei et al. [22] determined all connected graphs on n vertices of maximum degree less than n — 1, whose least
eccentricity eigenvalues are in [—2+/2, —2]. For tree T with order n > 3, it [22] was proved that &,(T) < —2 with equality
if and only if T = S,,.

Motivated by the above results, we now propose the following problem.

Problem 1.2. For some given number ¢ < —2+/2, which trees with least eccentricity eigenvalues are in [c, —2~/2)?

In this paper, we characterize the extremal trees having maximum ¢&-spectral radius with given order and odd diameter.
On the other hand, we determine all the trees with least eccentricity eigenvalues in [—2 — /13, —2+/2).
Further on we need the following lemmas.

Lemma 1.3 ([15]). Let M be a Hermitian matrix of order s, and let N be a principle submatrix of M with order t. If A1 > Xy > -+ > As
list the eigenvalues of M and jt1 > i > - -+ > W are the eigenvalues of N, then A; > ; > hs_¢yi for 1 <i<t.

Lemma 1.4 ([15]). Let M and N be two nonnegative irreducible matrices with same order. If (N);j < (M);; for each i, j, then p(N) <
p (M) with equality if and only if M = N, where p(N) and p (M) denote the spectral radius of N and M, respectively.
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Fig. 1. Tree Dn,d-

Fig. 2. Trees T and T in Lemma 2.3.
Lemma 1.5 ([23]). The eccentricity matrix €(T) of a tree T with at least two vertices is irreducible.
Lemma 1.6 ([22]). Let G be an n-vertex connected graph with diameter d. Then £1(G) >d and &,(G) < —
Lemma 1.7 ([22]). Let T be a tree with order n > 3. Then &,(T) < —2 with equality if and only if T = S,,.

2. The maximum &-spectral radius of trees with fixed odd diameter

In this section, we characterize the extremal trees with fixed odd diameter having maximum &-spectral radius. Firstly,
we present a few technical lemmas aiming to provide some fundamental characterizations of extremal trees.

Denote by .7 4 the set of trees with order n and diameter d. It is easy to check that the tree with diameter 1 is K and
the tree with diameter 2 1s a star with at least 3 vertices.

If d >3 is odd, let D be the tree obtained from P41 = vovqVa---v4 by attaching a pendant vertices to vi and b
pendant vertices to vy4_1, Where a+b=n—-d—-1andb>a>0,as deplcted in Fig. 1.

Lemma 2.1 ([22]). Let Dﬁ:g be in 7, 3 defined above, wherea +b=n—4and b >a > 1. Then & (D” Ly gy (Dﬂ’g).
Our first main result in this section determines the unique tree among ., 3, having the maximum &-spectral radius.

n—4, rn—4
Theorem 2.2. The maximum g-spectral radius is achieved uniquely by tree D ,& 3 L among all the trees in I 3.

Proof. According to Lemma 2.1, it is easy to see that the maximum e-spectral radius is achieved uniquely by tree Dﬁ’.g
satisfying |b —a| <1 among all the trees in .7, 3.
This completes the proof. O

Lemma 2.3. Let T be in .7, 4 with a diametrical path Pyyq = voviva---v4 (d > 5is odd), and let Tj be the connected component of
T — E(Pg41) containing v;, j € {0, 1, ..., d}. Assume there exists avertexu; € V(T;) (2 <i < d%)such thatdr, (vi, u1) =er, (vj) >
2 (obviously, uq is a pendant vertex). Denote the unique neighbor of u1 by u and all neighbors of u by ug, uq, ..., us with dr(ug) > 2
anddy(uj) =1 for 1 < j < s (see Fig. 2). Let

7:T—uu1+u1v1.

Then €1(T) < &1 (7), with equality if and only if dt,(vi, u1) = er;(vi) =i.

Proof. It is easy to check that er(w) = ez(w) for each vertex w € V(T) \ {u1}, and dr(w, w') = dz(w, w’) for {w, w'} C
V(T)\ {u1}. By the definition of eccentricity matrix, the (w, w’)-entry of &(T) is equal to the (w, w’)-entry of £(T) for each
fw,w'} S V(T)\ {us).

For w € Uo<1 1 V(T ), note that

dr(u1, w) <dr(uq, vd%l) +dr(w, vd%) < minfer(w), er(u1)},
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Fig. 3. Trees T and T in Lemma 2.4.

dy(u1, w) <dj(us, Va%l) +dy(w, Va%l) < min{ez(w), e5(u1)}.

Hence, (¢(T))y;w =0= (zs(f))ulw for w e Uogsd% V(T;).
We proceed to consider the following two possible cases.

Case l.er;(v;) <i

V(T;), we have

In this case, for w € Ud%fjfd

er(uy) =dr(ur, vg) > dr(u, w),

er(w) =dr(vo, w) >dr(ug, w).

By the definition of eccentricity matrix, if dr(uq, vq) > dr(u1, w), then (¢(T))y,w = 0. If dr(u1, vq) = dr(u1, w), then
(&(T))uyw =dr(u1, w). Hence, we have (&(T))y,w <dr (Ui, w).
On the other hand, for w Ud%quj V(Tj), we have

ef(uq) =ds(uy, vg) =d > dy(uy, w),

ez (w) =dj(vo, w) =d7(u, w).

By the definition of eccentricity matrix, we have (E(T))mw =d7(uy, w).

It is easy to see that dr(uq, w) < d5(u1, w). Hence, for w € Ud%] V(Tj), we have (&(T))y;w < (8(7)),,1‘”.

<j=d
Case 2. e, (v;) =1.

In this case, for w € Ud%] V(T;), we have dr(u, w) =er(w) =e5(w) =d5(u1, w). Hence, ((T))y,w = (z;(’T'))u1W

<j=d
Together with Cases 1 and 2, we have &(T) < a(T) with equality if and only if dr,(u1, v;) =i. By Lemmas 1.4 and 1.5,
we obtain £1(T) < &1 (T) with equality if and only if dr, (u1, vi) =i.

This completes the proof. O

Lemma 2.4. Given an n-vertex caterpillar tree T, Pqy1 = vov1v2---vg, (d 2 5 is odd) is a diametrical path of T. Assume dr (vi) > 3
R<i<is 1) Moving a pendant edge, say v;u from v; to v4 ylelds the tree T (see Fig. 3). Then 1(T) < &1 (T)

Proof. It is obvious that dr(w, w') = dz(w, w') for {w,w'} C V(T)\ {u} and er(w) =ez(w) for w € V(T) \ {u}. By the
definition of eccentricity matrix, we have (&(T))yww = (6(T))wyw for any {w,w'} CV(T)\ {u}.

If w is a pendant neighbor of vq_; (may be vg), then dr(u, w) =d —i+1=er(u) and df(u, w) = d = ey (u). Hence,
EMHyw=d—i+1<d= (S(T)),,W If w is not a pendant neighbor of V4—1, then we have (e(T))uW < mm{eT(u) er(w)}.
Thus, (¢(T)uw =0< (6Muw. -

Clearly, (T) < &(T) and &(T) # &(T). By Lemmas 1.4 and 1.5, we obtain &1(T) < &1(T). O

In the following, let I'(d) := (T51)2 + (42)2 + ... + (d — 1)? = 2=1T),
Lemma 2.5. Forodd d > 5, &1 (Dg‘Z) is the largest root of equation Fq p(t) = 0, where

Fap(t) =t4 — [r(d)(n —d+ D)+ @+ b+ 1)d2]t2 @+ 1)b+1)TE)2.

Proof. Choose a diametrical path Pgiq = voVviva---v4 in D . Denote by U = {vg, u1, --Uq} the set of pendant neighbors
of vi and let W = {v4, wq, --- wp} be the set of pendant nelghbors of vq_1 in Dn 4+ BY definition, the eccentricity matrix

S(DZ’Z) is equal to



X Heand L. Lu

Vo V1 Vd%} Vd%] Vd%] Vd%} Vd-1 Vq up Ug
Vo 0 0 o o &1 43 d-1 d 0 0
V1 0 0 0o 0 0 o0 0 d-1 0 0
Vs 0 0 0o 0 0 0 o & o0 0
2
Vit 0 0 0o 0o 0 0 o & o0 0
2
d+1 d+1 d+1
ver | B0 0o 0 0 0 o o 41 o
d+3 d+3 d+3
vep | 4520 0o 0 0 o0 o o 42 &3
ver |[d=1 0 o 0 0 o0 0 0 d-1 d—1
vd d d-1 @43 dlg9 o 0 0 d d
up 0 0 0o o 1 di3 d-1 d 0 0
Ug 0 0 e, d-1 d 0 0
wi d d-1 ... &3 41 o 9 0 0 d d
W d d-1 ... & 41 9 o ... 0 0 d d

a
+ ...
w

a
+ N

o ON‘

0

Discrete Mathematics 345 (2022) 112662

a
+ ..
&

a
+
-

o ON‘

0

Let x be a Perron eigenvector corresponding to p := eﬂDﬁ’Z). whose coordinate with respect to vertex v is x,. Since

+--+d—-Dxy,, +dxy, +de’:1 Xw, for each u € U, we can get x, =X, for {u,u’} C U.

PXy = d%lxvd%] + d#xv#
Similarly, X, =Xy for {w, w’} € W. Then we obtain
d+1 d+3
pxu:Txvdj TX"M +--+d— DXy, + 0+ Ddxw;
2 2
d+1
PXw = (@+ Ddxy + (d — D)Xy, +(d —2)Xy, +--- + 7 Xva’
e
PXy; = (b+1)(d — DXyw;
d+1
PXyy 4 = b+1)- wa;
2
PXyy_, =@+ D — Dxy;
d+1
PXy 4y = (a+1)- Txu,
2
foranyueU,weW.
Hence,
d+1 d+3
IOZXU = IOI:—XV‘H,] + —de+3 +- (d - 1)de,] + (b + 1)dXW:|
2 G 2 &2
d+1 d+3
= @+ DK+ @+ D) K+ + @+ DA = D% + b+ D pXu
= (a+ DHI(d)xy + (b + 1)dpxy
and
2 d+1
P xwzp[(a+l)dxu+(d—1)xv] +(d—2)va+~--+Txvd%l]

=(a+1)dpxy + (b+1)(d— 12Xy + (b +1)(d—2)?Xy +---+ (b + 1)(‘1%1)&W

5
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=(a+ Ddpxy + b+ DHI([d)xw.
That is,
P*Xu — @+ DI (A)xy — (b + Ddpxw =0,
—(a+ Ddpxy + p*Xy — (b + DI (d)Xy = 0.
Since x; # 0 and x,, # 0, p is the largest root of

—@+Drd  —(b+1dt

—@+dt 22— (b+1)rd =0

By calculation and the fact a+b=n—d — 1, we have
0= [t2 —(a+ 1)F(d)][t2 — b+ 1)r(d)] —(@+ 1)+ 1)d*e?
—tt [<a+ DI) + (b + DHI) + @+ 1)(b + 1)d2]t2 + @+ Db+ 1) (I (d)?
=t*— [F(d)(n —d+ D+ @+ Db+ 1)d2]r2 + @+ )b+ 1) @)

For fixed odd d > 5, let Fqp(t) =t* — [r(d)(n —d+1D+@+1)b+ 1)d2]t2 + (@+ 1)(b + 1)(I'(d))%. Then p is the largest
root of equation Fqp(t) =0. O

Lemma 2.6. For odd d > 5, 81(D22 d- 1);&%@.

0,n—d—1
)=

Proof. Suppose to the contrary that there exist some n and odd d such that sl(D %‘1). Then by Lemma 2.5, we

have

rd
0=Fon_qd- 1(Q)

r'd rdd
—(Q> — [P —d+1)+(n—d)d2](%)2—l—(n—d)(F(d))z

(C(d)? — Td)(n —d+ 1)+ (n — d)d*)d*> + (n — d)d“]

(T'@)? — T(d)(n —d + 1)d2]

rd) — d+1)d2]
_(F(d))3 did —1)(7d 5)

—(n —d—i—l)dz]

F(d) r@ s 1)(7d 5)

|
[
(r(d))3 [
[
[

—(n —d+1)d].

Hence, % =m—-d+1)d,ie., (d—1)(7d —5) =24(n —d + 1)d. Note that d — 1 and d are relatively prime. Therefore,
we have d|7d — 5. Clearly, 7d—_5 < 6. Combining d > 5 and d is odd, we have d = 5. Substituting d =5 to (d — 1)(7d — 5) =

24(n —d+ 1)d, we haven—5 which contradicts n >d + 1 =6. Thus for odd d > 5, sl(Dgg —d- 1)75%‘1). O

Our next main result in this section determines the unique tree among .7, 4 with odd d > 5, having the maximum
g-spectral radius.

Theorem 2.7. Let T be in .7, 4 with odd d > 5. Then

n—d—1 n—d—1
0n—d-1) sl(DL 2 ” 2 ])}

&1(T) = max [&1 (D) ko

[

n—d—1 n—d—1
with equality only if T = DO n—d=1 o DL J{ : ] . Especially, ifn —d — 1 > 2, we have &; (Dg‘gfdfl) #e1(Dy
Hence, for odd d > 5, the extremal tree wzth maximum ¢e-spectral radius in 7,1 d4 is unique.

6
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Proof. Assume that T is the tree with maximum e-spectral radius among .7, ¢ with odd d > 5. By making frequent use of
Lemmas 2.3 and 2.4, we obtain that T is isomorphic to some D% d, where b > a > 0. For brevity, let p :=&1(T). If p < F(d)

then we have T = Dgg ~4=1 Otherwise, 1 <a < [%J < (" d— ]—‘ <b. By Lemma 2.5, we have

—Fa_1541(0) = Fap(p) — Fa_1p11(p) = (b + 1 — ))[(T(d))* — d*p?] > 0.
Therefore, Fq_1 p+1(p) <0 then p = 81(Dn d) =¢&1(T) < 81(D“ 1 b“) a contradiction. If p = %‘1), then by Lemma 2.6, we
have 1 <a < L%J < ’_%-‘ <b. According to Lemma 2.5,

—Fa-15+1(0) = Fap(p) = Fa—1p+1(p) = (b +1 =) [(T'(d)* — d*p?1=0

a— lb+1) F(d) 0,n—d— 1)

Therefore, p is a root of Fy_1p.1(t). Clearly, 1(D, p= . By similar discussion, we obtain &1(D, 4

n—d—1 n—d—1
D if p > TD we have T’EDL =) ].Otherwise.Ogag

L@ " which contradicts Lemma 2.6. Thus, P # nd

P ="q
L” 3 1J ’_" —d— 1-‘—+—l<b According to Lemma 2.5,

—Fa16-1(0) = Fap(p) = Far1,p-1(p) = (b —a — D[d*p? — (D(d))*] > 0.

Therefore, Fqy15-1(0) <0 then p = 81(Dn d) =¢&1(T) < & (DaJrl b 1) a contradiction. Thus, we have

o =max et eoly 1)

n—d—1 n—d—1
with equality only if T = DO" =1 or DL J{ : ]

2

n—d—1 n—d—1
Especially, if a + b > 2, we claim sl(Dg’Zfdfl) #* 81(DL_d2 ” 1). Otherwise, let « := & (DO” —d- 1) =
[+ onst) ool 1]
e1(Dy 4 ) > &1(Dy g
2

n— d 1 n—d—1
o > (T)' similarly, we have &4 (D0 n—d- 1) < &1 (DL J[ W), a contradiction. Hence, for odd d > 5, the extremal tree
with maximum e-spectral radius in ﬁn 4 is unique. O

). If a < M as in the above proof, we have &1 (Dy'g ), a contradiction. If

Remark 1. In Theorem 2.7, let n =25 and d = 21. By a direct calculation, 81(D(2)}532]) A~ 110.2597 and 81(D;’522]) ~109.4423.
Thus, &1 (D353.21) > €1 (Dégzﬂ). Note that, in this case, the values of n(=25) and d(=21) are very close. The following result

[ [

0,n—d—1
)<81(Dn,d

shows that, when n is sufficiently large relative to d, e1(Dyy

=5 =]

Corollary 2.8. For fixed odd d > 5, if n is sufficiently large, the maximum e-spectral radius is achieved uniquely by tree D . ,
among all the trees in I, 4.

2
Proof. Let A(a,b) := [I‘(d)(n —d+1)+ @+ 1)+ 1)d2] —4(a+ 1)(b + 1)(I'(d))2. According to Lemma 2.5, by a direct

Ln—g—l J, Irn—g—l —‘
calculation, (¢1(D, 4 )2 is equal to

r@m-dn+ | I PR ] 4 L e BdE ] et 1)
2 2 2 2 2 ’ 2 )
n—d—1 n—d—1
Hence, if n is sufficiently large, we have &1 (DL,d : J[ : ]) > %‘1). In view of the proof of Theorem 2.7, we have T =
[+ [T
2 ’ 2
Dn,d . O

Similarly, we have the following corollary.

Corollary 2.9. If there exists T in 9, ¢ with odd d > 5 such that 1(T) > %d), then

n—d—1 n—d—1
sl(T)sal(D,L,dz s ])
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Fig.4. Hy ¢ with p >0 and g > 2.

2] ]

n,d

with equality if and only if T = D
Together with Theorems 2.2 and 2.7, we obtain the following result.

Theorem 2.10. Let T be an n-vertex tree with odd diameter d. Then

£1(T) < max Igl (Dﬁ:Z—d—] ). &1 (D]L,’;’gﬂ J’ ["*371 “ )}

n—d—1 , n—d—1 n—4 n—4
with equality only if T = Dg’g_d_1 or DL d : J [ : W Especially, D,E 3 L is the unique tree maximizing e-spectral radius

among all the trees in F, 3. In the case of odd d > 5, the extremal tree with maximum e-spectral radius is also unique.

3. Trees with least e-eigenvalues in [—-2 — +/13, —24/2)

In this section, we investigate trees with least e-eigenvalues in [—2 — v/13, —2+/2). Let &,(G) be the least g-eigenvalue
of a graph G with order n.

For p>0 and q > 2, let Hy 4 be the graph obtained from the star Sp,441 by attaching a pendant vertex to each of q
chosen pendant vertices (see Fig. 4). Let J,«m and 0,xm be respectively all-one and the all-zero n x m matrices. Let J, = Jaxn,
1n =Jnx1, and 0p = Op1.

The following is a key lemma that we will need in the proofs.

Lemma 3.1 ([4]). Let M, N, P and Q be respectively p x p, p x q, q x p and q x q matrices, where Q is invertible. Then

M N

_ -1
P Q =1Q-M—-NQ 'P|.

Lemma 3.2. For p > 0 and q > 2, the &-polynomial of Hp, g is
APTIO2 4+ 40 — 9)77 1A% + (4 — 49)x — (9pq + 9¢* + 9 — 14q)].

Proof. Let n=p +2q + 1. Let w be the center of Sp,41, A be the set of pendant neighbors of w, B be the set of non-
pendant neighbors of w, and C be the set of pendant vertices that are not neighbors of w. Then {w}|JA(JBJC is a
partition of V(Hp ) (see Fig. 4), and with respect to this partition, we have

T T T
;A Oxpl ooq ;1(,
e(H ) ) — Al = p —/p pPxq pxq
P-4 " 0, O0gp Mg 3); — 3],
21 3Jgxp 3Jg—3lg 4g— (A +4D)]
Let
10 —2 -31) H-31] _41qTr
o 1 0 0 (1] -3
A=l o0 o0 -1 o) (—=p1, |.B=] 21
0, 1, 0, -1l 0pq 0pxq
0 1 0 0p (—h+5pl =3l
and

C=(1q 05 05 0gxp oqxq)-
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Then we have

Thus

|A —B[—(x 4+ 4117 IC|

4
1- A4 0 -2
3¢
14 1 0
_ 2q
= a4 0 2
OP 1P OP
-3
7alg 1g  Og
4q 3p
—id . 2
3q
-2 1 0
— 2q
= 134 0 -
0, 0, 0,
-3
smale 1 0
_ 4  _3p
r+4 A
_3a¢ 1
=(—A)P ;;4
pev: 0
3
wale g
4q 12
-G
34 _ 9
:(_)L)p A+4 A+4
A+4 + A+4 ’
oq
A +4r—9
=(— )»)p(4)q(
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_31g (A+4 - 3)1;{
0 Gl
0, (g

=Alp 055

0gp (=2 + %)lq

-31) G -3
0 Gy
0, (g
=, 0pq
Opp  (—2+ 1ol

—2 (A+4 - 3)1;—
0 ()1,
G-
0, (At

3p 12 A+4 T
~ s A2+4A s 3 t(5a _3)(AZ+4A 54 2 (/\+4 -3
.3 T
A2+40—9 1+ x2+4x 9 0 (A+4)1q
3q ___6q _ __6 T
224+41-9 224+4%-9 A ( A+4)1q
9
04 0 (—2+323)]y
L3¢ _3p_ 3¢  _
1= A+4 + /\+4 22+4)—9 * A2+4/\—9 2
a 3¢ _ 279
D A+4 (A+4)(A2+41—9) T+ )\2+4,\ 9 0
L 18 6y
>»+4 (A+4) (A2 +41—9) 22+4)r—9

=(=DPTIFPTI G2 443 — 917 (A +4)79 - [A% + (4 — 49)r — (9pq + 9¢° + 9 — 14g)].

le(Hp

1
0

q) = Al

0 -2 -31,
1.0 og
0 —» 0
0, 0, —Alp
Oq Oq 061><P
0, 215 3Jgxp
0 -2 -31,
10 og
0 -1 0
1, 0, -l
lq Oq OqXP

-31; —41]
0/ 31
T 7
0, 21,
opxq 3.lp><q
—lg 3Jq — 314
3Jg =3l g+
-31; —41qTr
01 _3qu
0, 21,
0p><q OP xq
—lg —3l,

3l —(+ D)
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T 12 T T

1 0 =2 —3; (mg— 3T)1q _41gr

0 1 O 0% @qu —31Tq
_|0 -2 0, A_+41q 21

0, 1, 0, —Al, Opx% 054

0 13 05 Ogp (—A+357)g =3Iy

1g 05 05 Ogxp 0gxq —(+4)]

A B

C —(+9]
=|—A+Dlg|- |A—B[—()\+4)Iq]_lC| (by Lemma 3.1)
=(=DPTIAPT G2 440 — 9171 [A% + (4 — 49)1 — (9pq + 9¢° + 9 — 149)].

Note that the e-polynomial of Hp g is |Aly — e(Hpg)l =1 — [e(Hp,q) — Alyll = (=1)"|e(Hp,q) — Alz|. The result follows

easily. O

Lemma 3.3. Let &, be the least e-eigenvalue of H), g, where n = p 4- 2q + 1. Then we have &, < —2 — /13, with equality if and only
if one of the following conditions holds:

(i) p=0and2<q<4;

(ii) p=1andq=2or3;
(iii) p=2andq=2.

Proof. In view of Lemma 3.2, it is easy to see that the distinct ¢-eigenvalues of Hp ¢ are 0, —2 & +/13 and %[(4(] —4) +

V(4 —49)%2 +409pq+9g2 +9 — 14q)] It follows that &, < —2 — +/13. And we have

enel-2-V13, %[(4q—4)—\/(4—4q)2 +4(9pq +942 +9 - 149) ||

By simplifying the following inequality

1
i[(4q—4)—\/(4—4q)2+4(9pq+9q2+9—14q) >-2—-+/13,
we obtain

4q(9p +9q — 4+/13 — 22) < 0. (3.2)

Since q > 2, we have 9p + 9q — 4+/13 — 22 <0 if and only if &, = —2 — 4/13. Note that p > 0 and q > 2, then 9p + 9q —
44/13 — 22 <0 implies 2 < q < 4. We distinguish the following four cases.

Casel.p=0.

In this case, it is easy to see that 9p +9q — 4413 —22 <0 for 2 <q < 4.
Case2.p=1.

In this case, we have 9p +9q — 4+/13 —22 <0 if and only if g =2 or 3.
Case3.p=2.

In this case, it is easy to see that 9p + 9q — 44/13 — 22 < 0 if and only if g = 2.
Case4.p >3.

In this case, by calculation, we have 9p + 9q — 4+/13 — 22 > 0 for q > 2.
This completes the proof. O

Theorem 3.4. Let T be a tree with n > 3 vertices. Then &,(T) € [—2 — v/13, —2+/2) if and only if one of the following conditions
holds:

10
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= Py;
01,

Il
=)

)T

) T n,3’
(iii) T=Hpqforp=0and2<q<4;

) T=Hpqforp=1andq=2or3;

) T=Hpqforp=2andq=2.
Proof. Suppose &,(T) € [=2 — +/13, —2+/2). Let d be the diameter of T. If d =2, then T = S, by Lemma 2.5, &,(T) = —2,
a contradiction. If d =5, then &(Pg) is a principle submatrix of &(T). By a direct calculation and Lemma 1.3, we have
en(T) < e6(Pg) ~ —8.0902 < —2 — +/13, a contradiction. If d > 6, then by Lemma 1.6, we have &,(T) < —6 < —2 — /13, a
contradiction. Thus d =3 or 4.

First suppose that d =3. Then T is some Dﬁig withb>a>0.Ifa=b=0, then T = Dﬁ:b = P4. By calculating, we have

£4(Pg) = —4 € [-2 — /13, —24/2). This is (i). If a=0,b=1, then T = DY}. By calculating, we have &5(Dy}) ~ —5.3752 €
[—2 — V13, —2+/2). This is (ii). Otherwise, D;:; or ngg is an induced subgraph of T. Note that 8(D;:§) or S(ng) is
a principle submatrix of £(T). By a direct calculation, we obtain es(D;:;) ~ —7.1231 and 85(Dg:§) ~ —6.4694, and by
Lemma 1.3, we have &,(T) < 85(D111:;) <-2—-J13 or &;(T) < 85(D2:§) < —2 — /13, a contradiction.

Next suppose that d = 4. Then ng}l is an induced subgraph of T or T = Hp 4 for some p >0 and g > 2. In the former
case, e(ng‘l‘) is a principle submatrix of (T). By a direct calculation and Lemma 1.3, we have &,(T) < 86(ng}; ~ —7.5621 <

—2 — «/13, a contradiction. In the latter case, (iii), (iv) and (v) follow from Lemma 3.3.
This completes the proof. O

4. Concluding remarks

Remark 1. Theorem 2.10 characterizes trees with maximum e-spectral radius among n-vertex trees with fixed odd diameter.
For trees with maximum ¢-spectral radius among n-vertex trees with fixed even diameter, it seems that it can not be
determined similarly as the proof of Theorem 2.10 and an interesting research problem is put forward as follows.

Problem 4.1. Characterize the trees with maximum e-spectral radius among n-vertex trees with fixed even diameter.
Declaration of competing interest
The authors declare that they have no conflicts of interest.
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