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1. Introduction

In this paper we only consider simple connected graphs. Let G = (V, E) be a connected
graph with vertex set V' = {v,v9,...,v,} and edge set E = {ej,es,...,em}. The
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distance between v; and v;, denoted by d¢(vs,v;), is defined as the length of a shortest
path between them. The diameter of G, denoted by d(G), is the maximum distance
between any two vertices of G. The distance matriz of G, denoted by D(G), is the n x n
matrix whose (i, j)-entry is equal to dg(vs, v;), i, j = 1,2, ..., n. The transmission Tr(v;)
of a vertex v; is defined as the sum of the distances between v; and all other vertices in G,
that is, Tr(v;) = Z;;l da(vi,v;). For more details about the distance matrix we refer
the readers to [1]. Aouchiche and Hansen [2] introduced the Laplacian for the distance
matrix of G as DL(G) = Tr(G)—D(G), where Tr(G) = diag(Tr(v1), Tr(vs), ..., Tr(v,))
is the diagonal matrix of the vertex transmissions in G. The eigenvalues of D(G), listed
by 31L > 82L > . > 87% = 0, are called the distance Laplacian eigenvalues of G. The
multiplicity of 8% is denoted by m(d}f). The distance eigenvalues together with their
multiplicities is called the distance Laplacian spectrum of G, denoted by Spec,(G).

The distance Laplacian matrix aroused many active studies, such as [1,5,8,9]. Graphs
with few distinct eigenvalues form an interesting class of graphs and possess nice com-
binatorial properties. With respect to distance Laplacian eigenvalues, we focus on the
graphs with m(0f) being large. Denote by G(n) the set of connected graphs of or-
der n. Let G(n,k) = {G € G(n) | m(0F) = k} be the set of connected graphs with
m(0F) = k. Aouchiche and Hansen [1] proved that G(n,n — 1) = {K,} and conjectured
that G(n,n — 2) = {Ki1n_1, Ky 2n/2}, which has been confirmed by Celso et al. [5].
Motivated by their work, we try to characterise G(n,n — 3). In this paper, we completely
determine the graphs in G(n,n — 3) (Theorem 3.3). By the way, we show that all these
graphs are determined by their distance Laplacian spectra (Corollary 3.3).

2. Preliminaries

Let G be a connected graph, we always denote by Ng(v) the neighbour set of v in G,
that is, Ng(v) = {u € V(G) | u ~ v}. The i-th largest distance Laplacian eigenvalue
of G is denoted by 9F(G), whose multiplicity is denoted by m(9X(G)). When it is clear
from the context which graph G we mean, we delete G from the notations like dg(v;, v;),
Ng(v), 0F(G) and m(0X(@G)). For a subset S C V(G), let G[S] denote the subgraph of
G induced by S.

As usual, we always write, respectively, K,,, P, and C,, for the complete graph, the
path and the cycle on n vertices. For integers a1, as,...,ar > 1, let Kq, q4,,....q, denote
the complete k-partite graph on a; 4+ as + - - - + ay, vertices. Let G be a connected graph,
denote by G the complement of G, which is a graph with vertex set V(G) = V(G) and
two vertices are adjacent whenever they are not adjacent in G. Let G; = (V4, E1) and
G2 = (Va, E3) be two connected graphs, the (disjoint-)union of G and G is the graph
G1 U G4, whose vertex set is V7 U V5 and edge set is Ey U E5. The join of G1 and Gy is
the graph G1V(Ga, which is obtained from G; U Gy by joining each vertex of G; with
every vertex of G5. Moreover, we write mG = GU G U --- UG for an integer m > 2.

m
At first, we introduce the famous Cauchy interlacing theorem.
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Theorem 2.1 (/6]). Let A be a real symmetric matriz of order n with eigenvalues Ay (A) >
A2(A) > -+ > A (A) and let M be a principal submatriz of A with order m < n and
eigenvalues \y (M) > Xo(M) > -+ > A\p(M). Then N;(A) > Ni(M) > Ap—myi(A), for
alll <i<m.

Let G be a graph on n vertices, denote by py > po > -+ > pp—1 > pn = 0 the
Laplacian eigenvalues of G and m(p;) the multiplicity of p;. There are many pretty
properties for Laplacian eigenvalues.

Lemma 2.1 (/3]). Let G be a graph on n vertices with Laplacian eigenvalues py > po >
coo > fp—1 > tnp = 0. Then we have the following results.

(i) Denote by m(0) the multiplicity of 0 as a Laplacian eigenvalue and w(G) the number
of connected components of G. Then w(G) = m(0).

(i) G has exactly two distinct Laplacian eigenvalues if and only if G is a union of
complete graphs of the same order and isolate vertices.

(iii) The Laplacian eigenvalues of G are given by pi;(G) =n— pin_; fori=1,2,...,n—1
and p1,(G) = 0.

(iv) Let H be a graph on m vertices with Laplacian eigenvalues py > ph > -+ > pul, =0,
then the Laplacian spectrum of GV H s

{n+m,m+p,m~+pa,...,m+ fp,n+ py,n+ ph,...,n+u,, 0}

With respect to distance Laplacian eigenvalues, there are some similar results. The
following results are given by Aouchiche and Hansen.

Theorem 2.2 (/2]). Let G be a connected graph on n vertices with d(G) < 2. Let 1 >
o > > p—1 > up = 0 be the Laplacian spectrum of G. Then the distance Laplacian
spectrum of G is 210 — fp_1 > 20— fp_o > -+ > 2n — py > OF = 0. Moreover, for every
i €{1,2,...,n — 1} the eigenspaces corresponding to p; and to 2n — u; are the same.

Theorem 2.3 (/2]). Let G be a connected graph on n vertices. Then 8% | > n and
Ok | =n if and only if G is disconnected. Furthermore, the multiplicity of n as a distance
Laplacian eigenvalue is one less than the number of connected components of G.

Theorem 2.4 (/2]). Let G be a connected graph on n vertices and m > n edges. Consider
the connected graph G’ obtained from G by the deletion of an edge. Let 0%, 0%, ... 0k
and OyE 041  OLY denote the distance Laplacian spectra of G and G’ respectively.
Then O/ > 0L foralli=1,... n.

A graph G is said to be a cograph if it contains no induced Pj. There’s a pretty result
about cographs.
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Lemma 2.2 (///). Given a graph G, the following statements are equivalent:

1) G is a cograph.

2) The complement of any connected subgraph of G with at least two vertices is discon-
nected.

3) Every connected induced subgraph of G has diameter less than or equal to 2.

3. Main results

Recall that G(n,k) = {G € G(n) | m(df) = k}. Aouchiche and Hansen [1]
proved that G(n,n — 1) = {K,}. Recently, Celso et al. [5] proved that G(n,n — 2) =
{K1n-1,Ky,/2n/2}. They also made efforts to characterise G(n,n — 3). Though they did
not give a complete characterisation, their ideas are enlightening. Especially, they proved
that the graphs in G(n,n — 3) contain no induced Ps.

Lemma 3.1 (/5/, Theorem 4.1). Let G € G(n,n — 3) with n > 5 then G does not contain
induced Ps.

Remark 1. If G does not contain induced Ps, then d(G) < 3. Note that K,, ¢ G(n,n—3).
We obtain that d(G) = 2 or d(G) = 3 for any graph G € G(n,n — 3) with n > 5.

Lemma 3.2 (/5/, Theorem 3.3). If G is a connected graph then 81 > max,cy (c) Tr(v)+1
with equality holds if and only if G =2 K,,.

Lemma 3.3. Let G € G(n,n — 3) with n > 6, then OF is integral.

Proof. Let f(z) be the characteristic polynomial of DX(G). As DX(G) only contains
integral entries, we obtain that f(z) is a monic polynomial with integral coefficients.
Let p(x) be the minimal polynomial of ¥, then p(x) € Z[x] is irreducible in Q[x] and
(p(x))"=3|f(x). We assume that p(z) is a polynomial of degree at least 2. Therefore,
p(z) has another root 9 # 0, which is also a distance Laplacian eigenvalue of G with
multiplicity n — 3. It leads to that n < 2(n — 3) < n — 1, a contradiction. Thus, we have
p(z) = x — OF and the result follows. 0O

From Lemmas 3.2 and 3.3, we get the following result.

Corollary 3.1. Let G = (V,E) € G(n,n — 3) with n > 6, then we have OF >
max,cy Tr(v) + 2. Furthermore, if there evists vg € V such that OF = Tr(vo) + 2,
then Tr(vg) = max,cy Tr(v).

Proof. Obviously, G # K,. By Lemma 3.2, we have that 0f > max,cy Tr(v) + 1
Besides, we get that 0f is integral from Lemma 3.3. Therefore, we have that 0f >
max,cy Tr(v) + 2. Furthermore, if 0F = Tr(vo) + 2, then we have Tr(vg) + 2 >
max,ecy Tr(v) + 2. It follows that Tr(vg) = maxyey Tr(v). O
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Fig. 1. The graphs I1, 15, ..., I5.

We say that a graph G is Ps-free if it does not contain induced Ps. From Lemma 3.1,
all graphs in G(n,n — 3) are Ps-free. By Remark 1, a Ps-free graph may have diameter
2 or 3. Now we discuss Ps-free graphs with diameter 3.

Lemma 3.4. Let G be a connected Ps-free graph on n > 5 vertices with d(G) = 3. Then
at least one of I; fori=1,2,3,4,5 (shown in Fig. 1) is an induced subgraph of G.

Proof. Suppose that d(v1,vs) = 3 and P = v1v9v3v4 is a shortest path from v; to vy.
Since n > 5 and G is connected, there exists u € V(G)\V (P) such that N(u)NV(P) # 0,
where N(u) = {v € V(G) | v ~ u} is the neighbour set of v in G. Moreover, since
d(v1,v4) = 3, we have that v; and vy cannot be adjacent to u simultaneously, that is,
{v1,v4} € N(u). Therefore, we have 1 < |N(u) NV (P)| < 3.

Assume that |N(u) N V(P)| = 1. We claim that N(u) NV (P) = {v} or {vs} since G
is Ps-free. Both of them lead to the induced subgraph I;.

Assume that |N(u) N V(P)| = 2. We claim that N(u) N V(P) = {v1,v2}, {vs,v4},
{v1,v3}, {v2,va}, or {va,v3} because {v1,v4} € N(u). The former two cases lead to the
induced subgraph I, the next two cases lead to the induced subgraph I3 and the last
case leads to the induced subgraph 1.

Assume that |N(u) N V(P)| = 3. We claim that N(u) N V(P) = {v1,v2,v3} or
{v2, v3,v4} because {v1,v4} € N(u). Both cases lead to the induced subgraph I5. O

Next we introduce a tool which will be used frequently.

Lemma 3.5. Let G € G(n,n — 3) withn > 5 and M a principal submatriz of DY(G) of
order 5. Then OF is also an eigenvalue of M with multiplicity at least two. Furthermore,
for each 1 < k <5, there exists an eigenvector z = (21, 22, ..., 25)% of M with respect to
OF such that 2, = 0 and Z?:l z; = 0.

Proof. Let \;y > Ao > --- > A5 be the eigenvalues of M. By Theorem 2.1, we have
oF = 0L , < A\ < 0F and 0F = 0L ; < X\ < 0L = OF. Therefore, we have \; =
Xy = OF. Suppose that z = (x1,...,25)7 and y = (y1,...,95)7 are two independent
eigenvectors of M with respect to dF. For each fixed integer 1 < k < 5, by linear

combination of z and ¥, we get the eigenvector z = (z1,...,25)T satisfying z; = 0. Let
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Fig. 2. The graphs used in Lemma 3.6.

T L
2% = (21,...,25,0,...,0)T. Note that 9f > = 2T(Zf)z* = Z:%Z = 0F. We get that zx
is an eigenvector of DL (G) with respect to 9% # 0. Note that the all-ones vector j is an

cigenvector of DX(G) with respect to 0. We have zx7j =30 2, =0. O

Denote by J(a,b) the graph obtained from K; , UK by joining each pendent vertex
of K; , with every pendent vertex of Kj; (shown in Fig. 2). The non-pendent vertices
of K1 4 and K;; are called the roots of J(a,b).

Lemma 3.6. Let G be a connected Ps-free graph onn > 5 vertices with diameter d(G) = 3.
If none of I, I, Iy and I5 is an induced subgraph of G, then G = J(a,b) for some positive
integers a,b>1 and a+b+ 2 =n.

Proof. Let d(vi,v4) = 3 and P = wvivau3zvy a shortest path between vy and vy. By
Lemma 3.4, at least one of I; (shown in Fig. 1) is an induced subgraph of G for ¢ =
1,2,...,5. Since none of I, Is, I4 or I5 is an induced subgraph of GG, we obtain that G
contains induced I3.

Note that I3 = J(2,1) with roots v; and vy is an induced subgraph of G. We may
assume that G’ = J(a,b) with roots v; and v, is the maximal induced subgraph of
G including J(2,1). Denote by Uy = Ngs(v1) = {z1,22,...,24} and Uy = Ng/(v4) =
{y1,Y2,--.,yp}. Obviously, vo,u € Uy and vs € Us. In what follows we will show that
G = J(a,b) with roots v; and vy.

By the way of contradiction, assume that G # J(a,b). Then there exists v € V(G) \
V(G") such that Ng(v) N V(G') # (. Since d(vy,v4) = 3, v is adjacent to at most one of
v1 and vs. We claim that v is exactly adjacent to one of v; and vy. Otherwise, we have
v % v1,v4. Then Ng(v) NU; # 0 or Ng(v) NUs # 0. If v is adjacent to some vertex in
Ng(v)NU;y and some vertex in Ng(v)NUs, say v ~ x1 and v ~ y; (see Fig. 2 (1)), then we
get the induced subgraph G[vy, 1, y1,v4,v] = I4, a contradiction. If v is only adjacent
to some vertex in Ng(v) N Uy, say v ~ x1 (see Fig. 2 (2)), then we get the induced
subgraph G[vy, z1, Y1, v4,v] = I1, a contradiction. If v is only adjacent to some vertex in
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Ng(v) N Uy, say v ~ yp, then we also get the induced subgraph Glvy,z1,y1,v4,v] = I,
a contradiction. Now we need to consider the following two situations.

Case 1. v ~ vy and v » vy;

First, we will show that Uy C Ng(v). Otherwise, there exists some vertex in Us not
adjacent to v, say v = y;. Now, if v » z; (see Fig. 2 (3)), then we get the induced
subgraph Gv, vy, 21, y1,v4] = Ps, a contradiction; if v ~ z1 (see Fig. 2 (4)), then we get
the induced subgraph G[vy,x1,y1,v4,v] = I3, a contradiction.

Next we will show that Ng(v) N U; = 0. Otherwise, there exists some vertex in U;
adjacent to v, say v ~ w1. Recall that v ~ y; (see Fig. 2 (5)) according to the above
arguments, we get the induced subgraph G[vy, 21, y1,v4,v] = I5, a contradiction.

Summarising the above discussion, we know that V(G’) U {v} induces a subgraph
J(a 4+ 1,b) of G. This is impossible since G’ = J(a,b) is assumed to be the maximal
induced subgraph including J(2,1).

Case 2. v ~ v4 and v » vy;

As similar as Case 1, by symmetry we can also deduce that G[V(G")U{v}] = J(a,b+1).
This is also impossible.

We complete this proof. 0O

After the completion of the preparations, we get one of our main results.
Theorem 3.1. Let G € G(n,n — 3) with n > 6, then d(G) = 2.

Proof. By Lemma 3.1 and Remark 1, we get that G is Ps-free and d(G) = 2 or d(G) = 3.
Assume by contradiction that d(G) = 3. Let d(v1,v4) = 3 and P = vjvv304 a shortest
path between v; and vy. By Lemma 3.4, G contains at least one of I; (labelled as Fig. 1)
as an induced subgraph for ¢ =1,2,...,5.

Suppose that I; is an induced subgraph of G. Note that dg(vs, u) = dp, (v4,u) —1 =2
or dg(vs,u) = dy, (vg,u) = 3. We get that either My or M is a principal submatrix of
DL(G) with respect to I;, where

t -1 -2 -3 -2\ u -1 -2 -3 -2\ u
1ty -1 -2 —1]| v 1 t, -1 -2 —1| w
My=|-2 -1 t;3 -1 2w, M=]-2 -1 t;3 -1 -2 |u;.
-3 -2 -1 t; 2| w -3 -2 -1 t; -3|w
2 1 -2 -2 t5 ) u 2 -1 -2 -3 t5 /) u

If M is a principal submatrix of D¥(G), by Lemma 3.5, there exists an eigenvector
x = (1,22, 73,74,0) satisfying x1 + z2 + 23 + 24 = 0 such that Mz = dfz. Consider
the fifth entry of both sides of Mz = 8{‘96, we have —2x1 — 29 — 223 —2x4 = 0. It follows
that zo = 0 and =1 + 3 + ©4 = 0. Next we consider the second entry of both sides of
Mix = 81Lx, we have —x1 — x3 — 2x4 = 0. It follows that x4 = 0 and z7 + z3 = 0. We
consider the fourth entry of both sides of Myx = 81Lx, we have —3x1 —x3 = 0. It follows
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that 1 = x3 = 0. Thus, we have x = 0, a contradiction. If M7 is a principal submatrix

of D(G), by Lemma 3.5, there exists an eigenvector y = (0,92, y3,y4,y5)” satisfying
Y2 +ys+ys+ys =0 (1)
such that
Miy = d1y. (2)
Consider the first entry of both sides of Eq. (2), we have
—Y2 — 2y3 — 3ys — 2y5 = 0. (3)

Combining (1) and (3), we have yo = y4. If yo = y4 = 0, we consider the fourth entry
of both sides of (2) and we get that y5 = 0. It follows that y = 0, a contradiction.
If yo = y4 # 0, we consider the second entry of both sides of (2) and we get that
of =ty - y3+2y++y° = tg — Wydy# From (1), we have 0f = t5. It contradicts
Corollary 3.1.

Suppose that I5 is an induced subgraph of G. Note that dg(ve, u) = dy, (ve,u) = 3 or
da (v, w) = dp, (vg,u) —1 = 2. We get that the matrix My or M} is a principal submatrix
of DX(G) with respect to I, where

-1 -2 -3 -1\ u th -1 -2 -3 -1\ u
1ty -1 -2 —1| w 1ty -1 -2 —1 | w
My=|-2 -1 t;3 -1 -2 | v, My=]|-2 -1 t;3 -1 -2 | vs.
-3 -2 -1 t; -3|w -3 -2 -1 t; -2 |w
1 -1 -2 -3 t5/) u 1 -1 -2 -2 t5 /) u

If M, is a principal submatrix of DF(G), by Lemma 3.5, there exists an eigenvector
r = (21,0,23,14,75)7 satisfying z; + 23 + x4 + 25 = 0 such that Moz = OFz. We
successively consider the second, the fourth and the third entries of both sides of Moz =
81LQ?, we get that x3 = z4 = 0 and 1 + x5 = 0. If 1 = 0, then z5 = 0 and z = 0,
a contradiction. If 21 # 0, consider the first entry of both sides of Myx = dfz, we get
that OF =t — ;7—‘1) = t1 + 1. It contradicts Corollary 3.1. If M is a principal submatrix
of DE(G), by Lemma 3.5, there exists an eigenvector y = (y1,v2,y3,y4,0)T satisfying
y1 + Y2 + y3 + ya = 0 such that My = 0fy. Consider the fifth entry of both sides of
Mby = 0Fy, we have —y; — y2 — 2ys — 2y4 = 0. It leads to that y; +y2 = y3 +y4 = 0.
If y3 = y4 = 0, we consider the third entry of both sides of Mjy = 0%y and we get that
y1 = y2 = 0. It leads to that y = 0, a contradiction. If y; = y» = 0, we consider the
second entry of both sides of Mjy = 0fy and we get that y3 = y4 = 0. It leads to that
y = 0, a contradiction. If y1,y2,ys,y4 # 0, without loss of generality, we may suppose
that y = (a, —a, 1, —1,0). Consider the third entry of both sides of M}y = 6%y, we have
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OF = t3+1—a. By Corollary 3.1, we have a < 0. Consider the fourth entry of both sides
of Mby = 0Fy, we have 0F = t4+1+a. By Corollary 3.1, we have a > 0, a contradiction.

Suppose that I, is an induced subgraph of G. We get that the matrix My is a principal
submatrix of DL (G) with respect to I, where

tl -1 -2 -3 -2 (%}
-1 tQ -1 -2 -1 (%)
M4 = -2 -1 t3 -1 -1 V3 .

-3 -2 -1 t4 —2 V4

2 1 -1 -2 t5 ) u
By Lemma 3.5, there exists an eigenvector x = (21,0, 23, 24, :r5)T satisfying x1+x3+x4+
x5 = 0 such that Myz = 0Fx. Consider the second and the fourth entries of both sides
of Myx = ale successively, we get that x4 =0, 1 = 3 and 5 = —2x;. If 1 = 23 =0,
then x = 0, a contradiction. If ; = x3 # 0, consider the third entry of both sides of
Myx = 8{“30 and we get that 9 = t5. It contradicts Corollary 3.1.

Suppose that I5 is an induced subgraph of G. We get that the matrix M5 is a principal

submatrix of DL (G) with respect to I5, where

t -1 -2 -3 -1\ u
1t -1 -2 —1 | w
1 t3 -1 —1| ;.
-3 -2 -1 t; 2| w
1 -1 -1 -2 t5 /) u

Ms

Il
[
NS

By Lemma 3.5, there exists an eigenvector # = (71,0, z3, 74, 75)7 satisfying z1 + x3 +
x4 + x5 = 0 such that Mzx = 8{“95. We successively consider the second and the fourth
entries of both sides of M5z = 0%z, we have that 24 = 0, 1 = 73 and x5 = —2x3. If
x3 = 0, we have z = 0, a contradiction. If x3 # 0, consider the third entry of both sides
of Msx = 0Fx, we have OF = t3. It contradicts Corollary 3.1.

Suppose that I3 is an induced subgraph of G. On the one hand, we get that the matrix
M is a principal submatrix of D*(G) with respect to I3, where

t1 -1 -2 -3 -1\ v,
-1 ts -1 =2 =2 v
Ms=1|-2 -1 t3 -1 —-1] vs.
-3 =2 -1 ty =2
-1 -2 -1 =2 t5 /) u

By Lemma 3.5, there exists an eigenvector x = (21, 72,0, 24, 25)7 satisfying z1 + 2o +
x4 + x5 = 0 such that Msz = 0Fx. We successively consider the third, the first and the
fourth entries of both sides of M3z = 0Fx, then we get that 71 = 24 = 0 and 3 +x5 = 0.
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Fig. 3. The graphs in Lemma 3.7.

If xo = x5 = 0, then x = 0, a contradiction. If x5 £ 0, without loss of generality, we may
suppose that z = (0,1,0,0,—1)7. Consider the second entry of Mzx = 0fx, we get that
oF =ty + 2. By Corollary 3.1, we get that

Tr(vy) = vénva(%) Tr(v). (4)
On the other hand, recall that G is Ps-free. Moreover, by the arguments above, we have
that G contains no induced I, I, Iy or I5. Therefore, by Lemma 3.6, we have that
G = J(a,b) with roots v; and vs. By simple calculation, we have Tr(v1) = a + 2b + 3,
Tr(vy) =2a+b+3, Tr(x) =2a+b+ 1 for every x € N(vy) and Tr(y) =2b+a+ 1 for
every y € N(v4). Note that vo € N(v1). We get that

Tr(ve) =2a+b+1<2a+b+3="Tr(vq),

which contradicts (4).
We complete the proof. 0O

The result above showed that the graphs in G(n,n — 3) have diameter 2. In fact, we
can further obtain that G is the join of two graphs. To prove this, we need the following
result.

Lemma 3.7. Let G € G(n,n — 3) with n > 6, then none of J1(= C5), Jo or Js (shown in
Fig. 3) can be an induced subgraph of G.

Proof. Assume by contradiction that J; = Cj5 is an induced subgraph of G. We get that
the matrix N; is a principal submatrix of D*(G) with respect to J;, where

-1 -2 -2 -1\ v
1ty -1 -2 -2 v
Ni=|-2 -1 t3 -1 -2 vs.
2 -2 -1 t; —1]|w
1 -2 -2 -1 t5/) u

By Lemma 3.5, there exists an eigenvector x = (0, 7o, 73,24, 75)7 satisfying o + 3 +
x4 + x5 = 0 such that Njx = BlLJ:. From the first entry of Njz = 81Lx, we have —xy —
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2x3 — 2x4 — x5 = 0. Therefore, we have x3 + x4 = 0 and 22 + 25 = 0. If z3 = z4 = 0,
consider the third entry of both sides of N1z = 81L:v and we get that xo = x5 = 0. It leads
to that x = 0, a contradiction. If x5 = x5 = 0, consider the second entry of both sides
of Nixz = 8le and we get that x3 = x4 = 0. It leads to that x = 0, a contradiction. If
To, T3, T4, T5 7 0, without loss of generality, we may suppose that z = (0,a,1, -1, —a)?.
Thus, we have

-2 -1 t3 -1 =2 1 | =0F| 1 (5)
-2 -2 -1 t; -1 ~1 -1
-1 -2 -2 -1 s —a —a

Consider the fourth entry of both sides of (5), we have
o =ti+a+1.

By Corollary 3.1, we have a > 1. Consider the fifth entry of both sides of Eq. (5), we
have

1
8f:t5+5+2.

By Lemma 3.3, we get that 0f is integral. Therefore, a and % are both integral. Thus,
we have ¢ = 1 and 81L =t4+ 2 =15+ 3. It follows that

ty =t + 1. (6)
On the other hand, by Lemma 3.5, there also exists an eigenvector y = (y1, 0, y3, ¥4, y5)"
satisfying y; +ys+v4+ys = 0 such that Ny = 0Fy. From the second entry of Nyy = dFy,
we have —y; — y3 — 2y4 — 2y5 = 0. Therefore, we have y4 + y5 = 0 and y; + y3 = 0.
Ify1 =y3 =0 or yg, = ys5 = 0, we also get y = 0, a contradiction. If y1,ys, ys,ys # 0,
without loss of generality, we may suppose that y = (b,0, —b, 1, —1)T". Thus, we have

ti -1 -2 -2 -1 b b
-1 ty -1 -2 =2 0 0
-2 —1 tz -1 -2 b | =0 b |. (7)
-2 -2 -1 t; -1 1 1
-1 -2 -2 -1 t; -1 -1

Consider the fourth and the fifth entries of both sides of Eq. (7), we have
o =ty —b+1=t5-b+1.

It follows that t4 = t5, which contradicts (6).
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Assume by contradiction that J5 is an induced subgraph of G. We get that the matrix
N, is a principal submatrix of D’ with respect to J;, where

-1 -2 -2 -1\ u
-1 to -1 =2 =11 vy
-2 -1 t3 -1 =2 vs.
-2 -2 -1 t4 -1 V4
-1 -1 -2 -1 5 U

N,

By Lemma 3.5, there exists an eigenvector x = (1, 22, ¥3, 14,0)7 satisfying z1 +zo+23+
x4 = 0 such that Nox = 0Lz, We successively consider the fifth, the third, the first and
the fourth entries of both sides of Noz = 0¥z, then we get that x = 0, a contradiction.

Assume by contradiction that J3 is an induced subgraph of G. We get that the matrix
Nj is a principal submatrix of DY with respect to Js, where

ty, -1 -2 =2 -1\ v
-1 t3 -1 =2 —1] vy
-1 t3 -1 -1 | vs.
-2 =2 =1 t; =11 1
-1 -1 -1 =1 t5 /) u

N3

|
|
B

By Lemma 3.5, there exists an eigenvector = (21, x9,0, 14, x5)7 satisfying 1 + z2 +
x4+x5 = 0 such that N3z = 0f 2. Consider the third, the first, the fourth and the second
entries of both sides of N3z = 0Fz successively, we get that = = 0, a contradiction. 0O

Using the above tools, we get the following result.

Theorem 3.2. Let G € G(n,n — 3) with n > 6, then G is disconnected. It means that G
is the join of some connected graphs.

Proof. By Lemma 2.2, it suffices to show that G contains no induced P;. Assume by
contradiction that G contains an induced P, = wvjvov3vy. By Theorem 3.1, we have
d(G) = 2. Therefore, there exists a vertex u € V(G) such that u ~ vy, v4. It follows that
at least one of Jy, J> and J3 will be an induced subgraph of G, contradicts Lemma 3.7. O

For any graph G € G(n,n — 3), we see that G has at most four distinct eigenvalues,
and we also have 9%, (G) = n by Theorems 2.3 and 3.2. Denote by

Hi(n) ={G € G(n,n —3) | Spec,(G) = [(87)" 2,054,051 =n, 0% = 0]},
and

Ha(n) = {G € G(n,n —3) | Spec,(G) = [(01)" >, 055 = 9y = n, 0y = 0]}
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Therefore, H1(n) and Ha(n) are the sets of graphs with four and three distinct eigenvalues
in G(n,n — 3), respectively. Thus we have the disjoint decomposition

G(n,n —3) = H1(n) U Ha(n).
Mohammadian [7] gave the following result.

Lemma 3.8 (/7], Theorem 8). Let G be a graph onn > 5 vertices whose distinct Laplacian
eigenvalues are 0 < a < 8 < . Then the multiplicity of o is n—3 if and only if G is one
of the graphs Ko n—2, Kyj2n/2+e€ or K1 n1+e, where K,y )2+ and K1 1+ € are
the graphs obtained from K, 3,2 and K1 ,—1, respectively, by adding an edge e joining
any two non-adjacent vertices.

Note that, when d(G) = 2, there exists a correspondence between the distance Lapla-
cian spectrum and the Laplacian spectrum of G. We have the following result.

Corollary 3.2. For an integer n > 6, we have Hi(n) = {K2n—2, K2 nj2+e, Kin_1+e},
and their distance Laplacian spectra are given by

Spec, (Ka2n—2) = {(2n —2)"3,n+2,n,0}
Specs (Knjan/z +€) = {(5)" 7% 5 = 2,n,0} (8)
Specy (K1 pn-1+e)={(2n—1)"" 3,2n —3,n,0}

Proof. Let G € Hi(n) and Spec,(G) = {(0F)"3,0%_,,n,0} where F > 9L , > n. By
Theorem 3.1, we have d(G) = 2. Therefore, by Theorem 2.2, the Laplacian spectrum of G
is {n, 2n—0%_,, (2n—0F)"=3,0}. Thus, we get that G € {K2 2, Ky jomjote, Kin1+e}
from Lemma 3.8. Conversely, note that all of K3 ,, 2, Ky /2,/2 + € and Ki,_1 + e are
the join of two graphs, by Lemma 2.1 (iv) and Theorem 2.2, we obtain their distance
Laplacian spectra, which are shown in (8). Therefore, Ko 2, Ky, /252 +€, K1 n1+e €
Hi(n), and the result follows. O

In what follows we characterise Ha(n).

Lemma 3.9. For an integer n > 6, we have Ha(n) = {K3V(n — Z)Kl,K1VKnT4_nT4,
K%7§7%}, and their distance Laplacian spectra are given by

Spec, (KoV(n —2)K7) = {(2n — 2)"73,n? 0}
Spec, (K1VEn1 u1) :{((Bn—l)/Z)” 3 n2, 0} 9)
Spece(Ky,5.5) = {(4n/3)2,2,0)

Proof. Let G € Ha(n) and Spec,(G) = {(0F)"~3,n% 0} where Of > n. By Theo-
rem 3.1, we get that d(G) = 2. Therefore, by Theorem 2.2, the Laplacian spectrum



498 L. Lu et al. / Linear Algebra and its Applications 530 (2017) 485—499

of G is {n? (2n — 0F)"=3,0}. By Lemma 2.1 (iii), the Laplacian spectrum of G is
{(0F — n)"=3,03}. By Lemma 2.1 (i), G has exactly three components, denoted by
G1, G2 and Gs3. Moreover, by Lemma 2.1 (ii), G1, G2 and G5 are either complete
graphs of the same order or isolate vertices. If none of them is an isolate vertex, then
G1 = Gy = G3 = K,3. It follows that G = 3K,,;3 = Kz a ». If there is exactly
one of them being an isolate vertex, say G3, then G1 = G2 = K(,,_1)/2. It follows that
G= W = K; VKanlf%l. If there are exactly two of them being isolate ver-
tices, say G and G3, then G; = K,,_». It follows that G = K,,_» U2K; = K;V(n—2)K;.
Conversely, note that all of KoV(n—2) K7, K1VK%,% and Kn » » are the join of two
graphs, by Lemma 2.1 (iv) and Theorem 2.2 we obtain their distance Laplacian spectra,
which are shown in (9). Therefore, KoV (n—2) K7, K\VKn s noa, Ko nn € Ha(n), and
the result follows. O

Recall that G(n,n — 3) = Hi(n) U Ha(n). Combining Corollary 3.2 and Lemma 3.9,
we completely determine G(n,n — 3) in the following result.

Theorem 3.3. For an integer n > 6, we have

g(n,n—3) = {Kg,n_g,Kl,n_l—|—6,Kn/2’n/2—|—6,KQV(H—Q)Kl,K1VK%V%,K%7§7, }

w3

Remark 2. By using the software SageMath, we get the graphs with m(df) = n — 3 for
n =4 and n = 5. That is,

g(4’ 1) = {P47 K1,3 + 6,K2V2K1}
g(5,2) = {K2,33K174 —+ 6,K2V3K1,K1VK2,27C5} '

We end up this paper by the following result.

Corollary 3.3. Let G € G(n,n — 3) with n > 5 then G is determined by its distance
Laplacian spectrum.

Proof. Let H € G(n) with Spec,(H) = Spec,(G). We get that H € G(n,n — 3). Then,
the result follows by pairwise comparing the distance Laplacian spectra of graphs in
G(n,n — 3), which are presented in (8) and (9). O
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