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1. Introduction

Let T" be a connected graph with vertex set V' = {vy,vs...,v,}. The distance between
v; and v;, denoted by d(v;, v;) (or d; ; for short), is the length of a shortest path between
v; and v;. The neighbourhood of v; is the collection of all vertices adjacent to v;, denoted
by N (v;), that is, N(v;) = {v; | d(v;,v;) = 1}. The diameter of ', denoted by d(I"), is the
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Fig. 1. Example of threshold graphs.

largest distance in I'. The distance matriz of T', denoted by D(T'), is the nxn matrix whose
(i, j)-entry is equal to d(v;,v;), for 1 <i,j < n. The eigenvalues of D(T'), listed by d; >
OJy > -+« > 0Oy, are the distance eigenvalues of T'. The multiset of distance eigenvalues of T"
is the distance spectrum of T, always denoted by Spec,(T") = {[01]™, ..., [0s]™=}, where
01 > -+ > 0s and the superscript m; is the multiplicity of 0;. We refer the reader to the
survey paper [1], for more details about the backgrounds and applications of distance
matrix.

If a graph contains no induced Cy, Py or 2K, then it is a threshold graph. A threshold
graph can be obtained by repeatedly performing one of the following two operations:
(a) adding a new vertex adjacent to none of the former vertices (such vertex is called
a separate vertex); (b) adding a new vertex adjacent to all of the former vertices (such
vertex is called a dominating vertex). Let T' be a threshold graph of order n, whose
vertex set is labelled as {v1,...,v,} such that v; is the added vertex in the i-th step
of the operations. We can use a {0,1}-sequence b = (by,...,b,) to represent I', where
b; = 0 if v; is a separate vertex and b; = 1 if v; is a dominating vertex. As usual, we set
b1 = 0. Obviously, I is connected if and only if b,, = 1. Note that the successive separate
vertices have the same properties and the successive dominating vertices have the same
properties. We collect the successive 0Os and 1s together in b. Therefore, the sequence
b can be written as b = (0%,1%,...,0% 1'm) where s;,t; > 1 for 1 < i < m and
m > 1. This sequence is the representation sequence of I', and T" is uniquely determined
by its representation sequence. For example, the threshold graphs with representation
sequences (02,12,0,1) and (0,1,0%,12) are shown in Fig. 1.

Threshold graphs were first introduced by Chvétal and Hammer [19] and Henderson
and Zalcstein [8] in 1977. After that, threshold graphs have been paid close extensive
attention because of their numerous applications in computer science and psychology
[19]. Recently, many mathematicians studied the eigenvalues of the adjacency matrix
of threshold graphs. In 2011, Sciriha and Farrugia [21] gave some spectral properties of
adjacency eigenvalues of threshold graphs. In 2013, Bapat [2] obtained the determinant
of the adjacency matrix of threshold graphs and he gave the nullity of threshold graphs
as well. In the same year, Jacobs et al. [12] presented an O(n) algorithm for constructing
a diagonal matrix congruent to B, = A + xI for any z. By using this method, they
published several papers [12,14,15] to investigate the properties of adjacency eigenvalues
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of threshold graphs from 2013 to 2015. Especially, they obtain the inertia of the adjacency
matrix of threshold graphs and they show that all eigenvalues of threshold graph, other
than 0 or —1, are simple. In 2017, Banerjee and Mehatari [3] studied the eigenvalues of
the normalized matrix (which is similar to the Randi¢ matrix) of threshold graphs.

In this paper, we focus attention on the distance matrix of threshold graphs because
the distance matrix seems to contain more informations of a graph than other matrices. It
not only reflects whether two vertices are adjacent or not, but also the distance between
them. Besides, it is hot topic to study the eigenvalues of the distance matrix of a graph
ever since the appearance of the paper [6] by Graham and Pollack, which established
a relationship between the number of negative eigenvalues of the distance matrix and
the addressing problem in data communication systems. In this paper, we show that
all distance eigenvalues of threshold graphs, other than —2 or —1, are simple, a fact
reported in [13]. Moreover, we prove that there is no distance eigenvalue that lies in the
interval (—2, —1). We obtain formulas for the multiplicities of —2 and —1, the formulas
for —2 also reported in [20]. As another main result, we find that there are exactly
| 5] threshold graphs with distinct distance eigenvalues and completely determine such
graphs as well.

2. Preliminaries

We start with the equitable partition of a symmetric real matrix. The knowledge of
an equitable partition contains very rich content and it is a very powerful tool in spectral
graph theory. Here we give a brief description of it and we refer the reader to Brouwer
and Haemers [4, Section 2.3] or Godsil and Royle [5, Section 9.3] for details.

Suppose that M is an n X n symmetric real matrix whose rows and columns are
indexed by X = {1,...,n}. Let II: X = X; U--- U X,, be a partition of X. The matrix
M can be written as

My, - My,

’ )

Mp1 -+ Mpym

where M; ; is the submatrix of M whose rows and columns are induced by X; and X},
respectively, for 1 < ¢,7 < m. Let b;; be the average row sum of M; ;. Then B,, =
(bij)mxm is the quotient matriz of M with respect to the partition II. Especially, if the
row sum of each block M; ; is a constant, then the partition is an equitable partition.
Note that the quotient matrix B,, may not be symmetric even for equitable partitions.
The characteristic matriz P is the n X m matrix whose j-th column is the characteristic
vector of X; for 1 < j < m. Therefore, it is not hard to verify that M P = PB,,. This
fact implies the following result.
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Lemma 2.1 (/5, Theorem 9.1.1]). Let M be a real symmetric matriz and let II be an
equitable partition of M with quotient matriz B,,. Then the characteristic polynomial of
the quotient matriz B, divides the characteristic polynomial of M.

Suppose that T' is a connected graph of order n. Let D be the distance matrix of
I'and II: V=V, U--- UV, a partition of the vertex set V. Suppose that D;; is the
submatrix of D whose rows and columns are induced by V; and V; for 1 <14, < m. For
u € V;, the row sum of D;; corresponding to u is Zvevj d(u,v). Thus, the partition II
is an equitable partition if, for 1 < 4,5 < m and u € V;, the value Zvevj d(u,v) is a
constant independent of the choice of u. In this case, we say that Il is a distance equitable
partition of I'. Therefore, we get the following result by applying Lemma 2.1 to distance

matrix.

Corollary 2.1. Let I" be a connected graph. If I1 is a distance equitable partition of I with
quotient matriz B,,, then all eigenvalues of By, are distance eigenvalues of T'.

Next, we introduce the well-known interlacing theorem, which is another important
result in spectral graph theory. A principal submatriz of a matrix M is obtained by
removing the same corresponding rows and columns from M.

Lemma 2.2 ([5, Theorem 9.3.3]). Let M be a Hermitian matriz of order n, and let H
be a principal submatriz of M of order m. If 01(M) > 0(M) > --- > 0, (M) lists
the eigenvalues of M and p1(H) > po(H) > -+ > pm(H) the eigenvalues of H, then
On—mri(M) < pi(H) < 0;(M) for 1 <i<m.

At last, we end up this part by the following two results, which are from [18].

Lemma 2.3 ([18, Lemma 3.4]). Let T be a connected graph and S a subset of V(I') with
size p. If S is a clique and N(u)\S = N(v)\ S for allu,v € S, then —1 is an eigenvalue
of D(T') with multiplicity at least p — 1.

Lemma 2.4 ([18, Lemma 8.5]). Let I be a connected graph and S a subset of V(') with
size q. If S is an independent set and N(u) = N(v) for all u,v € V(S), then —2 is an
eigenvalue of D(T) with multiplicity at least ¢ — 1.

3. The distance eigenvalues of threshold graphs

We may always assume that I' is a threshold graph with representation sequence
(051,10 ... 0%, 1%m), where s;,t; > 1 for 1 < i,j < m and m > 1. Denote by s =
s1+ -+ 8pand t =t + -+ tm, so I' contains s + t vertices. By the expression of
the representation sequence of ', we have V(I') = U; UV, U -+ - U Uy, UV, where U; is
the set of the first sy vertices, V7 is the set of the next ¢ vertices, and so on. In what
follows, we always use these notations if there are no additional statements.
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By simple observations, we find two special distance eigenvalues of T'.

Lemma 3.1. The graph I' has —2 and —1 as distance eigenvalues with multiplicities at
least s — m and t — m, respectively.

Proof. Note that U, is the set of independent vertices of size s; for 1 < i < m. For
u,v € U;, both of them are adjacent to only the dominating vertices after them. Thus, we
have N(u) = N(v). By Lemma 2.4, U; leads to a distance eigenvalue —2 with multiplicity
at least s; — 1. Note that, from the proof of Lemma 2.4 [18], for i # j, the eigenvectors
corresponding to —2 induced by U; and U; are pairwise independent. It means that I"
has —2 as a distance eigenvalue with multiplicity at least (s —1)4---+(s;—1) = s—m.

Similarly, for 1 < j < m, the subset V; is a clique of order ¢; and N(u)\V; = N(v)\V;
for all u,v € V;. By Lemma 2.3, V; leads to a distance eigenvalue —1 with multiplicity
at least t; — 1. Note that, from the proof of Lemma 2.3 [18], for i # j, the eigenvector
corresponding to —1 induced by V; and V; are pairwise independent. It means that I" has
—1 as a distance eigenvalue with multiplicity at least (¢; — 1)+ -+ (£, —1) =t—m. O

Next, we determine the other distance eigenvalues of I by using the equitable par-
tition. Obviously, the graph I' has a partition II: V = U; UV U---U U, U V,,. We
show that II is indeed a distance equitable partition. Note that I" has diameter 2. By the
construction of I', for v € U; and x # u, we have

2, xelU;l1<k<m
dlu,z) =142, ze€Vp,1<k<i-—1.
, xeVL,i<k<m

—_

It follows that

Asi— 1), j=1i 2%, j<i—1
Zdw,x):{f b ’.andzd<u7y>:{tj s
=T Sj, JjFi vev, 79 J =t

which are independent of the choice of u. For v € V; and x # v, we have

1, €Ul <k<i
dlv,z) =< 2, z€Ui+1<k<m.
1, zeV,1<k<m

It follows that
Sann= {3 50 ma Yo = {17 7
zeU; 2s5, j=zi+1 yev; tj; JFi

which are independent of the choice of v. It means that IT is a distance equitable partition
with quotient matrix
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2(81 — 1) t1 259 to e 28m tm
S1 th —1 289 to cee 28m tm
281 2t1 2(52 — 1) t2 e 2.Sm tm
Bm — S1 tl S2 t2 —1 e 2Sm tm . (1)
281 2t 289 2to cee Q(Sm — 1) tm
S1 t1 52 2} ce Sm tm — 1

Note that the columns corresponding to s; contain only s;’s and columns corresponding
to t; contain only t;’s. By Corollary 2.1, the eigenvalues of B,, are distance eigenvalues
of I'. Thus, we focus on the eigenvalues of B,,. Keep in mind that B,, always denotes
the quotient matrix given in (1).

Lemma 3.2. If v = (21,91, -+, Tm,Ym)" is an eigenvector of B, corresponding to eigen-
value X\, then we have

(i) A+ Dyr = (A+2 — s1)z1;

(1) QA+ 2 —tm)ym = (A + 2)xp,.

Moreover, if m > 2, we have

(iii) tiy; = AN+ 2) (g1 — ;) for 1 <i<m—1;

(i) siv1Ziv1 = AN+ 1)(yi — Yiy1) for 1 <i<m—1.

Proof. From (1) and the equation B,z = Az, we have

Az1 = 2(s1 — 1)z1 + tiyr + 2s2m2 + tay2 + - + 28mTm + tmYm
Ayp = siw + (B — Dyr + 25222 +Htayz + - 4 28m T + tmYm
Ax; = 2811 + 2t1y1 + -+ 2811 + 2ti—1yi—1 + 2(si — D) + tiys
+28i+1Ti+1 + Lit1¥Yit1 + -+ 28mTm + tmYm
Ayi = sty 4 sica®io1 +ticiyio1 + siw 4 (6 — Dy
+28;41%i +tit1Yi o+ 28mTm + tmYm ) (2)

Arip1 = 2s1@1 + 2ty + - 4 285w + 2ty + 2(si41 — V@i + iyt
+2si42Tit2 + tivoYit2 + -+ 28mTm + tmYm

AYitr1 = s121 +tiyr + -+ 8i%i + iy + Sit1Zit1 + (Gig1 — 1)Yit1
+28i42Tit2 +titoyita + 28mTm + tinYm

ATm = 25121 + 2t1y1 + 25222 + 2toye + - + 2(sm — 1)@Tm + tmym

AYym = s121 +t1y1r + S2z2 +toyz + -+ SmTm + (Em — Dym

Subtracting the second equation from the first in (2), we have Axq — Ay = (s1 —
2)x1 + y1, which leads to (i). Multiplying the last equation in (2) by 2 and subtracting
from the previous equation, we have A2y, — 2 Ay = —22, — (tm — 2)Ym, which leads to
(ii). Moreover, if m > 2, for 1 < i < m — 1, subtracting the (2i-1)-th equation from the
(2i41)-th in (2), we have Ax; 11 — Ax; = 2x; +t;y; — 22,41, which leads to (iii). Similarly,
we have Ay, 41 — Ay = ¥i — Si+1%; — Yi+1, which leads to (iv). O

By Lemma 3.2, we get some properties of the eigenvalues of B,,.
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Corollary 3.1. If X is an eigenvalue of B,,, then A # —2. If, additional, s1 > 2, then
A # —1. Furthermore, if s1 = 1, then —1 is a simple eigenvalue of By,.

Proof. Let 2 = (21,%1,-- -, Tm,Ym)" be an eigenvector of B, corresponding to \.

Suppose to the contrary that A = —2. By Lemma 3.2 (ii), since ¢,, > 0, we have
Ym = 0. If m = 1, since s; > 0, Lemma 3.2 (i) implies z; = 0 and thus x = (z1,y1)7 =0,
a contradiction. If m > 2, since ¢; > 0, Lemma 3.2 (iii) implies y; = 0 for 1 < i <m — 1.
Therefore, from Lemma 3.2 (i) and (iv), since s; > 0, we have z; =0 for 1 <i < m. It
follows that = 0, a contradiction.

Assume that sy > 2. Suppose to the contrary that A = —1. If m = 1, since A+2—s; =
1 — 51 <0, Lemma 3.2 (i) implies z; = 0. It leads to y; = 0 by Lemma 3.2 (ii) because
t; > 0. Thus, we have z = 0, a contradiction. If m > 2, since 1 —s; < 0 and s; > 0,
Lemma 3.2 (i) and (iv) imply 2; =0 for 1 <4 < m. Thisleadstoy; =0for 1 <i<m-—1
by Lemma 3.2 (iii) because t; > 0. At last, considering the first equation in (2), we also
get ¥, = 0 because t,, > 0. Thus, we have x = 0, a contradiction.

Assume that s; = 1and A = —1. If m = 1, then we have z; = —¢1y; by Lemma 3.2 (ii),
and thus —1 is a simple eigenvalue of By with eigenvector z = (—t1,1)%. In what follows
we assume m > 2. Since s; > 0, Lemma 3.2 (iv) implies z; = 0 for 2 < ¢ < m. It leads to
ym = 0 by Lemma 3.2 (ii) because t,, > 0. If m = 2, then we have 21 + t1y; = 0 by the
last equation in (2). It follows that 1 = —t1y;. Thus, A = —1 is a simple eigenvalue of
By with eigenvector x = (—t1,1,0,0)7. If m > 3, since z; = 0 for 2 <i < m and t; > 0,
Lemma 3.2 (iii) implies y; = 0 for 2 < ¢ < m — 1. By considering the last equation in (2),
we have z1 +t1y1 = 0. It follows that z1 = —t1y; and thus A = —1 is a simple eigenvalue
of B, with eigenvector x = (—t1,1,0,...,0)T. 0O

Corollary 3.2. All eigenvalues of By, are simple.
Proof. Toward to a contradiction, suppose that A is an eigenvalue of B, with multiplicity

at least two. Therefore, there exist two independent eigenvectors of B,, corresponding
to A. By taking a linear combination of them, there exists an eigenvector x of B,

corresponding to A\, where = (x1,%1, - , Ty, Ym)? such that x; = 0. By Corollary 3.1,
we have A # —2 or —1. Thus, from Lemma 3.2 (i), we have y; = 0. If m = 1, then
r = (r1,71)7 = 0, a contradiction. If m > 2, since 1 = y; = 0, then x5 = 0 by

Lemma 3.2 (iii). Note that Lemma 3.2 (iii) means that ;11 = 0if z; = y; = 0, and (iv)
means that y;.1 = 0 if y; = ;11 = 0. By using (iii) and (iv) repeatedly, we conclude
r = 0, a contradiction. O

Corollary 3.3. There is no eigenvalue of By, lies in the interval (—2,—1).
Proof. Suppose to the contrary that A € (=2, —1) is an eigenvalue of B,,, with eigenvector

x=(T1, Y1, Tm,Ym)? . Denote by a = A+ 2 € (0,1). At first, we claim that z; # 0
since otherwise we will get * = 0 as the proof of Corollary 3.2. Thus, without loss
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of generality, suppose that z; = 1. From Lemma 3.2 (i), we have 3 = 2= > 0.

< 0, a contradiction. It only

If m = 1, by Lemma 3.2 (i), we have y; = ﬁ

needs to consider the case of m > 2. In what follows, we prove that (z1,...,z,,) and

(y1,---,Ym) are two strictly increase sequences with positive entries. From Lemma 3.2

(iii), we have z9 — 21 = %yl > 0, and so 23 > 21 > 0. From Lemma 3.2 (iv), we have
So

Y1 — Y2 = 72722 <0, and 50 y2 > y; > 0. Assume that (v1,...,7%) and (y1,...,yx) are
two strictly increase sequences with positive entries for some integer k& with k& > 2. We

consider the sequences (1, ..., ok, Tx+1) and (y1,. .., Yk, Yr+1). From Lemma 3.2 (iii),
we have x4 — ) = %yk > 0, and so 241 > x > 0. From Lemma 3.2 (iv), we have
Yk — Ykl = %xk_i'_l < 0, and 80 yx4+1 > yr > 0. Thus, we have z,,, y,, > 0. However,

% < 0, a contradiction. O

from Lemma 3.2 (ii) we have = =

In order to get more properties of the eigenvalues of B,,, an interlacing theorem for
B,, is needed. However, the quotient matrix B,, is not symmetric that does not satisfy
the condition of the interlacing theorem. The following lemma shows that the interlacing
theorem is also true for B,,.

Lemma 3.3. Let C' be a principal submatrix of By, with size h. If Ay > -+ > Aoy, lists
the eigenvalues of By, and 1 > -+ > uyp, the eigenvalues of C, then Agm—pyi < g < A
for1 <i<h.

Proof. Recall that II. V = U; UV U---UU,UYV, is a distance equitable
partition of the threshold graph I' with quotient matrix B,,. Denote by D =
diag(\/51, V11, - -, \/Sm,+/tm) the diagonal matrix with the (2 — 1)-th entry equal to
/i and the 2i-th entry equal to /%; for 1 < i < m. Note that the matrix DB,,D~*
is obtained by respectively multiplying the (2¢ — 1)-th row and the (2¢ — 1)-th column
of By, by /s; and 1/,/s;, and by respectively multiplying the 2i-th row and the 2i-th
column of By, by v/t; and 1/+/¢;. Therefore, we have

2(81 — 1) \/Sltl 2\/8182 L 2«/818}C \/Sltk
\/tlsl tl -1 2\/15152 L 2\/1518]C \/tltk

B’ _ DB D—l _ 21/8281 2\/82t1 2(82 — 1) L 2«/828k \/Sgtk

2./5k81  2v/spti  2y/Sksa -+ 2(sp— 1) skl
\/tksl \/tktl \/tkSQ s \/tksk tk -1

which is symmetric. Therefore, B, and B, are similar and have the same eigenvalues,
that is, Ay > .-+ > Ag,, are eigenvalues of B/ . Let C be a principal submatrix of B
of size h. Without loss of generality, assume that C' is induced by the first h rows and
columns of B,,. Therefore, we have PB,, PT = C, where P = (I, | 0)px2m and I, is the
unit matrix. Note that
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C¢'=PB,,P" = P(DB,,D~")P" = (PDP")PB,, P"(PD~'PT)

= (PDPTYC(PD'PT).

Since (PD~PT) = (PDPT)~! we see that C" is similar to C and so y; > --- > uy, are
eigenvalues of C'. Note that C’ is a principal submatrix of B/,. By Lemma 2.2, we have
Aom—nti Sy < Ajfor 1 <i<h. O

Remark 1. Since adding Al to B shifts the eigenvalues by A, Lemma 3.3 also implies
that the interlacing theorem holds for B,, + AI for any number .

Lemma 3.4. The determinant of By, + 21 is (—1)™ tsy -+ syt tm_1(tm +2).

Proof. Denote by row;(A) and col;(A) the i-th row and the j-th column of a matrix A,
respectively. By (1), By, + 2I is given by

251 t1 259 to < 28, tm
s1 ti1+1 2s9 to <o 28, tm
281 2t 289 to cee 28m tim
By, + 21 = S1 t1 So to+1 - 25, tm
2s1 2t 259 2t s 28m tm
S1 t1 So to v S, tm 1

We make some operations on B, + 21.

In the first step, for 1 < i < m — 1 we replace rows;_1 and rows;, respectively, with
rows;—1(By + 21) — rows;+1(Bm + 2I) and rows; (B, + 2I) — rows;2(B,, + 2I). Since
each subtraction involves rows that differ in at most three places we have:

0 —t1 O 0 0 0
0 1 so  —1 0 0
0 0 0 —to 0 0
(Bm + 21)(1) — 0 0 0 1 0 0
251 2t1 2sy 2ty -+ 28y, tm
S1 t1 So to - Syt 1

In the second step, we replace rowsy,—1 with rowsy,—1((B, + 21)M) — 2 roway, ((By, +
21)(M)) obtaining:
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0 -t 0 0 0 0

0 1 s -1 0 0

0 0 0 -t 0 0
(Bp+2D)@ =] 0 0 0 1 0 0

0 0 0 0 - 0 —(tm+2)

S1 tl S92 t2 te Sm tm +1

In the third step, we use the first column to eliminate the entries different from s; in the
last row. We then use row operations to eliminate the 1’s and —1’s with —¢;, obtaining:

0 —t; 0 0 0 0
0 0 s 0 0 0
0 0 0 —t 0 0
(Bp+2D)®=]0 0 0 0 0 0
00 0 0 0 - 0 —(tm+2)
ss 0 0 0 - 0 0

Note that these operations do not change the determinant of B,, + 2I. We compute
det((B,, + 2I)®) always expanding along the top row, noting all nonzero terms get
multiplied by —1:

det(B,, + 2I) = det((B,, + 2I)®)

= (=)™ sy Sty -t 1 (tm + 2).
. 0 (=)™ 510 st 1(tm +2)

= (—1)m_1t182t283 cSm det l

This completes the proof. O
From Lemmas 3.3 and 3.4, we have the following result.
Lemma 3.5. There are exactly m — 1 eigenvalues of B, less than —2.

Proof. We prove this result by induction on m. If m = 1 then the characteristic polyno-
mial of By+21 is A2 —(2s1+t1+1)A+s1t1 +251. Therefore, we have A\ Ay = s1(t1+2) > 0,
where A\; > Ay are the eigenvalues of By + 21. Note the eigenvalues of B; and therefore
By + 21 are real because of Corollary 2.1. It is clear that Ay > 0 and so A2 > 0. It means
that there is no eigenvalue of By less than —2 and the result holds. Assume that the re-
sult holds for m = k with k£ > 1. Suppose that g1 > -+ > pr > g1 > fiero > -+ > log
are the eigenvalues of By +21. By assumption, we have pg11 > 0 and pp42 < 0. Suppose
that A\; > -+ > A1 2> Appa > Agys > -+ > Aopyo are eigenvalues of By1 + 21. Since
By + 21 is a principal submatrix of B4 + 21, Lemma 3.2 and Remark 1 imply that
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At 2> Apgr > pgg1r >0 and 0> ppyo > Apga > Aopyo.
From Lemma 3.4, we have

(1) sy spty oot (b +2) = det(By, + 21) = (1 -+ pr1) (B2 - - fizk)
(=1)%s1 -+ Spprts -t (tesr +2) = det(Bry1 +21) = (A1 A1) M2 X4 3) M -+ Azgega)

It implies that Ag1oAk4+3 < 0, and so Agro > 0 and M43 < 0. Thus, B4 has exactly &k
eigenvalues less than —2, which are A\ y3—2,..., Aog12 —2. This completes the proof. O

Combining Corollaries 3.1, 3.2, 3.3 and Lemma 3.5, we obtain our main result.

Theorem 3.1. Let I' be a threshold graph with representation sequence (05,111, ... 0%™,
1'm)and s =81+ -+ 8m, t =t1+ - +tm.

(i) If s1 = 1, then Specy(T) = {1, s A, [= 1)L [=2)7™ As2s -+ -5 A2 |
where A\ > -+ > XAy > =1> =2> Ay > - > Aoy

(ii) If s1 > 2, then Specp(T) = { A1,y A1, [ 1™ =27, A2y - -+ A2 |

where A\ > -+ > A1 > —1> =2> Ao > - > Aoy

Proof. Let B,, be the quotient matrix of I given in (1). By Corollary 3.2 and Lemma 3.5,
all eigenvalues of B,, are distinct and there are exactly m — 1 of them less than —2.
Therefore, we assume that Ay > -+ > Ay > A1 > Apge > -+ > Ag,, are the
eigenvalues of B,,, where A\;,12 < —2. By Corollary 3.3, we have A\;,11 > —1. Moreover,
by Corollary 3.1, we have that A\,,41 = —1if s1 = 1 and A1 > —1if 1 > 2. On the
one hand, by Corollary 2.1, the 2m eigenvalues of B,, are all eigenvalues of D(T"). On
the other hand, by Lemma 3.1, —2 and —1 are eigenvalues of D(T") with multiplicities at
least s —m and t — m, respectively. Note that 2m + (s —m) + (t —m) = s + ¢, which is
exactly the order of I'. We get all the distance eigenvalues of I". O

Remark 2. In 2013, Jacobs et al. [13] also stated that all distance eigenvalues other than
—1 and —2 are simple. They gave this result according to an algorithm without algebraic
proof. Recently, the formula for the multiplicity of —2 was also reported in [20] without
proof.

In 1974, Harary and Schwenk [7] proposed an interesting problem: “Which graphs have
distinct eigenvalues?” There are only a few results about this problem. Recently, Lou et
al. [17] constructed an infinite family of graphs having distinct eigenvalues. With respect
to distance eigenvalues, we find all threshold graphs with distinct distance eigenvalues
by Theorem 3.1.

Theorem 3.2. Let I be a threshold graph with representation sequence (0%,1%1 ... 0%m,
1'm) and s = 81+ -+ + 8, t = t1 + -+ + tyy. Then all distance eigenvalues of T' are
distinct if and only if one of the followings holds.
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Table 1

The threshold graphs with distinct distance eigenvalues on n vertices.

The oder n ($15t1, - Sm,tm) Distance spectrum

5 (2,1,1,1) {5.76, —0.56, —0.77, —2, —2.43}

5 (1,1,2,1) {6.18, —0.64, —1, —2, —2.54}

6 (1,1,1,1,1,1) {7.21,-0.51, —0.76, —1, —2.27, —2.66}

6 2,2,1,1) {6.86, —0.45, —0.73, —1, —2, —2.69}

6 (2,1,1,2) {6.51, —0.35, —0.72, —1, —2, —2.44}

7 (2,1,1,1,1,1) {8.83, —0.34, —0.69, —0.78, —2, —2.28, —2.75}

7 (1,1,2,1,1,1) {9.14, —0.32, —0.75, —1, —2, —2.37, —2.70}

7 (1,1,1,1,2,1) {9.41, —0.51, —0.68, —1, —2, —2.29, —2.92}

8 (1,1,1,1,1,1,1,1) {10.31, —0.27, —0.68, —0.78, —1, —2.24, —2.37, —2.98}

8 (2,2,1,1,1,1) {10.06, —0.31, —0.59, —0.76, —1, —2, —2.31, —3.08}

8 (2,1,1,2,1,1) {9.80, —0.12, —0.69, —0.74, —1, —2, —2.37, —2.88}

8 (2,1,1,1,1,2) {9.55, —0.15, —0.60, —0.76, —1, —2, —2.28, —2.77}

9 (2,1,1,1,1,1,1,1) {11.92, —0.09, —0.59, —0.73, —0.78, —2, —2.24, —2.40, —3.09}
9 (1,1,2,1,1,1,1,1) {12.16, —0.02, —0.64, —0.77, —1, —2, —2.27, —2.48, —2.98}
9 (1,1,1,1,2,1,1,1) {12.38, —0.18, —0.62, —0.75, —1, —2, —2.28, —2.42, —3.12}
9 (1,1,1,1,1,1,2,1) {12.58, —0.25, —0.64, —0.74, —1, —2, —2.25, —2.43, —3.28}

(i) si=t;=1fori=1,2,...,m;

(1) s1 =2, 8, =1 fori=2,3,....m, and t; =1 for j=1,2,...,m;
(iii) s1=2,8,=1for2<i<mandt=m+1;
(v)si=1,s=m+1andt;=1 forl<j<m.

Proof. The sufficiency is immediate By Theorem 3.1. Now we assume that I" has distinct
distance eigenvalues.

Suppose that —2 ¢ Specp,(T"). By Theorem 3.1, we have s — m = 0. It means that
s; =1 for 1 < i < m. Therefore, —1 € Spec(I") has multiplicity t — m + 1. It leads to
t—m=0,and sot; =1 for 1 <j <m, (i) holds.

Suppose that —2 € Specp (). Therefore, s — m = 1. It means that exactly one of
{81,-..,8m} is 2 and the others are all 1. We first consider the case of s; = 2. In this
case, if —1 ¢ Specp(T"), then t —m = 0, and so t; = 1 for 1 < j < m, (ii) holds; if
—1 € Specp(I'), then t —m = 1, and so (iii) holds. Next, we consider the case of s; = 1.
Thus, —1 € Specp(T') has multiplicity ¢ —m + 1. It implies that t —m =0, and so t; =1
for 1 <j <m, (iv) holds. O

Remark 3. From Theorem 3.2 for a given integer n, there are exactly an connected
threshold graphs with distinct distance eigenvalues for odd n and there are exactly 3
ones for even n. In fact, if n is even, then only (i) and (iii) can be happen. If (i) happen,
then n = 2m, which leads to only one graph with representation (0,1,...,0,1). If (iii)
holds, then n = 2m + 2 and so m = 5 — 1. It leads to m graphs by setting ¢; = 2 for
1 <@ < m. Thus, there are 5 threshold graphs with distinct distance eigenvalues. The
case of odd n is similar. We present such graphs in Table 1 for n =5,6,7,8,9.
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(s1,t1, .- Sm,tm) Distance spectrum Distance energy
(4,4) {8.77,0.23, [—1]3, [-2]*} 18
(2,2,2,2) {9.82, —0.26, [—1]%,[-2]3, —3.05} 19.64
(2,1,2,3) {9.30,0, —0.65, [—1]?,[-2]?, —2.65} 18.60
(2,1,3,2) {10.62, —0.22, —0.63, —1, [—2]3, —2.78} 21.25
(2,2,1,3) {8.44, -0.15, —0.56, [-1]®, —2, —2.72} 16.88
(2,2,3,1) {11.31,-0.45, —0.61, —1,[-2]%, —3.25} 22.61
(2,3,1,2) {8.73, -0.29, —0.54, [-1]3, —2, —2.90} 17.46
(2,3,2,1) {10.32, —0.37, —0.64, [-1]?,[-2]?, —3.31} 20.64
(1,2,2,3) {9.02, —0.08, [—1]*, —2, —2.94} 18.04
(1,2,3,2) {10.36, —0.25,[—1]3, [-2]?, —3.11} 20.71
(1,3,2,2) {9.56, —0.32, [-1]*, —2, —3.24} 19.12
(3,1,2,2) {10.36, —0.13, —0.52, —1, [-2]3, —2.70} 20.73
(3,2,1,2) {9.29,0, —0.55,[-1]?, [-2]?, —2.73} 18.57
(3,2,2,1) {10.82, —0.09, —0.64, —1,[—2]%, —3.08} 21.64
(1,1,3,3) {9.59,0.04, [—1]3, [-2]?, —2.63} 19.27
(1,3,1,3) {8.17,-0.30, [—1]°, —2.87} 16.33
(1,3,3,1) {11.07, —0.60, [-1]3,[-2]?, —3.47} 22.14
(3,1,3,1) {11.81, —0.34, —0.62, [-2]*, —2.85} 23.61
(3,1,1,3) {9.03,0.07, —0.62, [-1]?, [-2]?, —2.48} 18.20
(3,3,1,1) {9.55, —0.05, —0.71, [-1]?,[-2]?, —2.89} 19.20
(1,1,3,1,1,1) {11.10, —0.20, —0.75, —1, [-2]?, —2.42, —2.73} 22.19
(1,1,1,3,1,1) {9.28,-0.24, —0.71, [—1]3, —2.37, —2.96} 18.56
(1,1,1,1,1,3) {8.73, —0.08, —0.69, [—1]3, —2.27, —2.69} 17.45
(1,1,1,1,3,1) {11.55, —0.51, —0.64, —1, [-2]?, —2.30, —3.10} 23.10
(1,3,1,1,1,1) {9.81,-0.48, —0.76, [—1]3, —2.32, —3.25} 19.62
(3,1,1,1,1,1) {10.58, —0.09, —0.64, —0.77, [—2]?, —2.28, —2.80} 21.16
(1,1,1,2,1,2) {9.00, —0.23, —0.58, [—1]3, —2.34, —2.85} 18.00
(1,1,1,2,2,1) {10.56, —0.35, —0.65, [—1]?, —2, —2.35, —3.22} 21.13
(1,1,2,1,1,2) {9.83, —0.10, —0.65, [-1]%, =2, —2.37, —2.71} 19.66
(1,1,2,1,2,1) {11.31,-0.30, —0.66, —1,[—2]?, —2.43, —2.92} 22.63
(1,2,1,2,1,1) {9.54, —0.31, —0.72, [—1]3, —2.46, —3.05} 19.08
(1,2,2,1,1,1) {10.58, —0.30, —0.75, [-1]?, —2, —2.40, —3.12} 21.15
(1,2,1,1,1,2) {9.28, -0.27, —0.70, [—1]3, —2.31, —3.00} 18.56
(1,2,1,1,2,1) {10.81, —0.49, —0.68, [-1]%, —2, —2.37, —3.28} 21.63
(2,1,2,1,1,1) {10.38, —0.22, —0.65, —0.75, [—2]?, —2.38, —2.83} 21.66
(2,1,1,2,1,1) {9.80, —0.12, —0.69, —0.74, —1, —2, —2.37, —2.88} 19.60
(2,1,1,1,1,2) {9.55,—0.15, —0.65, —0.76, —1, —2, —2.28, —2.77} 19.10
(2,1,1,1,2,1) {11.06, —0.32, —0.64, —0.74, [—2]?, —2.31, —3.04} 22.12
(2,2,1,1,1,1) {10.06, —0.31, —0.59, —0.76, —1, —2, —2.31, —3.08} 20.11
(1,1,1,1,2,2) {10.08, —0.23, —0.62, [-1]?, —2, —2.29, —2.93} 20.17
(1,1,2,2,1,1) {10.07, —0.04, —0.72, [-1]?, —2, —2.48, —2.83} 20.13
(1,1,1,1,1,1,1,1) {10.31, —0.27, —0.68, —0.78, —1, —2.24, —2.37, —2.98} 20.63

For a square matrix M the triple (n_(M),no(M),ns(M)) is called the inertia M,
where n_(M) and ny (M) denote the number of negative and positive eigenvalues, re-

spectively, whereas, ng(M) is the nullity of M. By Theorem 3.1, we get the inertia of

D(T) + 21.
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Corollary 3.4. Let T' be a threshold graph with representation sequence (0°,1%, ... 0%m
1'm) and s = 81+ + 8, t =t1 + -+ +ty. If D(T) is the distance matriz of T, then
the inertia of D(T') +2I is (m —1,s —m,t+1).

A graph T is said to be determined by its distance spectrum if there is no graph
IV 2 T sharing the same distance spectrum with I". Note that the threshold graph I" with
representation sequence (0°!,1%1) is a complete multipartite graph, i.e., T = K 1 1.
In 2014, Jin and Zhang [11] proved that complete multipartite graphs are determined by
their distance spectra. However, there is no result about whether threshold graphs are
determined by their distance spectra. Thus, we propose the following result.

Problem 1. Whether threshold graphs are determined by their distance spectra? Or more
special, whether two different threshold graphs can share the same distance spectrum?

The distance energy of a graph I' is the sum of the absolute values of its distance
eigenvalues. This concept was introduced by Indulal, Gutman and Vijayakumar [10] and
obtains widely attentions [9,16,22]. Thus, we are interested in the distance energy of
threshold graphs.

Problem 2. Among all threshold graphs of order n, which ones have the largest
distance energy? Note that a threshold graph has a representation sequence, say
(051,10, ...,0% 1'm) where s;,t; > 1for 1 <i<mand s;+-- +8y,+t1+ -+, =n.
For given n and m, which threshold graph has the largest distance energy?

We end up our paper by calculating the distance spectra and distance energies of all
threshold graphs on 8 vertices in Table 2, which may be helpful for solving the problems
above.
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