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1. Introduction

Throughout this paper all graphs are connected and simple, and all notations and terminologies not described here are
standard in [1]. For a graph G and two vertices u, v € V(G), the distance between u and v, denoted by d¢(u, v), is the length
of a shortest path connecting u and v. The diameter d(G) of G is the largest distance between any two vertices. The Wiener
index W(G) of a graph G is the sum of distances between each pair of vertices, that is,

W)= > de(u,v).

{u,v}CV(G)

The Wiener index is an important distance-based graph invariant. It was proposed by Harold Wiener [11] in 1947. He found
that there exist correlations between the boiling points of paraffins and their molecular structure. The study of the Wiener
index in mathematics dates back to the 1970s [4]. Since then, the Wiener index obtained wide attention and many splendid
results have been obtained, see the surveys [3,6,7,12].

Let G be a graph with vertex set V and edge set E. For a subset S of V, the Steiner distance dg(S) of S is the minimum size
of a connected subgraph whose vertex set contains S, that is,

ds(S) = min{|E(H)| : H is a connected subgraph of Gwith S C V(H)}.

This concept was proposed by Chartrand et al. [2] in 1989. Note that the size of the spanning tree of H is not greater than
|E(H)|. Therefore, the Steiner distance can be written as

dc(S) = min{|E(T)| : T is a subtree of G with S C V(T)}.
Taking S = {u, v}, we see thatdg(S) = d¢(u, v). Thus the concept of Steiner distance is a natural generalization of the concept
of classical distance.
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With respect to the concept of Steiner distance, Li et al. [8] generalized the concept of Wiener index by Steiner Wiener
index. For an integer k with 2 < k < n — 1, the Steiner k-Wiener index SW(G) of G is the sum of Steiner k-distances of all
subsets S of V with |S| = k, that is,

SWG) = Y dg(S).
SCV,|S|=k
The classical Wiener index is just the special case of Steiner k-Wiener index for k = 2. The application of Steiner Wiener
index was introduced in [5]. Recently, Mao et al. [10] established expressions for the Steiner k-Wiener index on the join,
corona, cluster, lexicographical product, and Cartesian product of graphs.
In 1976, Entringer et al. [4] obtained the lower and upper bounds on Wiener index for trees, that is,

(n—1) < W(T) < (’”3‘ 1)

and the star S, minimizes the Wiener index and the path P,, maximizes the Wiener index. Recently, Li et al. [8] generalized
this result to the Steiner Wiener index, that is,

n—1 n+1
(k_ 1)(n — 1) < SWK(T) < (k- 1)<kJr 1)

for 2 < k < n — 1, and the star S, and the path P, attain the lower and upper bounds, respectively. In 2008, Liu et al. [9]
characterized the tree with smallest Wiener index among all trees with given diameter. Naturally, we would like to generalize
this result to the Steiner Wiener index. In Section 2, we introduce some transformations for a tree which do not increase its
Steiner Wiener index. In Section 3, we give a sharp lower bound on the Steiner Wiener index for trees with given diameter,
and obtain the corresponding extremal graph as well.

2. Transformations for trees

Let G be a connected graph with vertex set V(G) and edge set E(G). For v € V(G), denote by d(v) and N(v) the degree and
the neighbourhood of v, respectively. As usual, we write P,, C; and K, for the path, the cycle and the complete bipartite
graphs, respectively. For two integers n and d with 2 < d < n — 1, let 7(n) be the family of trees on n vertices and
T(n,d) = {T € T(n) : d(T) = d}. Clearly, 7(2) = {P>}, T(3) = {P3}, T(n,2) = {Kyn—1} and T(n,n — 1) = {P,}. Each
of them contains only one graph whose Steiner Wiener index is clear. Therefore, we only consider 7(n, d) withn > 4 and
3 < d < n — 2. In this part, we will introduce some transformations for a tree, which do not increase its Steiner Wiener
index.

We start with a useful combinatorial inequality.

Lemma 2.1. Let a, b and k be three positive integers such that a < b.If 2 < k < b+ 1, then () + (}) < (“.") + ("I'"): if
k>b+2then () + (D)= (") + ("t

Proof. Note that ("~') + ("_") = (I) for two positive integers m and n. It follows that

m

a—1 n b+1 a n b\| [(b+1 b a a-T1\| b a—1
k k k k)| k k k k \k—1 k—1)
If2<k<b+1then ()~ ({Z]) > 0;ifk > b+ 2then(,”,) — ({_]) = 0 — 0 = 0. This completes the proof. O
Let T € 7(n)and e € E(T) such that e = vyv,. We say that v; and v, are the left end and the right end of e, respectively.
Denote by
N"(e) = (v € V(T) : d(v, v1) < d(v, v2)}, ND(e) = {v € V(T) : d(v, v1) > d(v, v2)}

and ngT)(e) = |NI(T)(e)|, n(,T)(e) = |N£T)(e)|. In other words, N,(T)(e) and Nrm(e) are the vertex sets of the components of
G — e containing v; and v,, respectively. By the definitions, V(T) = N,(T)(e) U NﬁT)(e) and n = ngT)(e) + n(rT)(e). Denote by
yD(e) = min{n{"(e), n{"(e)} and nM(e) = max{n{"(e), n{")(e)}. Obviously, n{"(v,v,) and n{"(v,v;) depend on the order of
v1 and vy, but yM(vyv,) and ") (v1v,) do not. When the tree T is clear from the context, we delete T from the notations like
Nl(”(e), n?”(e) and yT(e). Li et al. give a useful formula to calculate the Steiner Wiener index of a tree.

Lemma 2.2 (Theorem 4.3 of [8]). Let k be an integer such that 2 < k < n.If T is a tree, then for its Steiner k-Wiener index holds

! m(e)\ /n;(e)
W)= 3, Z( | )(kr— i>'

ecE(T) i=1

Note that SW,,(T) = n — 1 for all trees on n vertices. We only consider SW(T) for 2 < k < n — 1. Since {y(e), n(e)} =
{n(e), n;(e)}, the formula given in Lemma 2.2 can be simplified as follows.
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Lemma 2.3. Let k be an integer such that 2 < k < n — 1. If T is a tree, then for its Steiner k-Wiener index holds

n v(e) n(e)
k GEXE(;) k k

Proof. Note the combinatorial identity Z:;O(f)(kliz) = (““’) Since {y(e), n(e)} = {m(e),n;(e)} and y(e) + n(e) =
ni(e) + n.(e) = nfore € E(T), Lemma 2.2 implies that

k—1

swn =3 3 (") (1) - = 2()()

S [ CE) -0 -C0))]
S0 ()]

o) 2 (V) ()]

Let T and T’ be two trees in 7(n). For € € E(T) and a positive integer s, a feasible map from T to T’ with respect to € and s
is a bijection ¢: E(T) — E(T’) such that:
(i) yP(e) = s = yT(g(e)),
(ii) y(e) = yT(g(e)) for e € E(T) \ fe).

Denote by 7, ((T, T') the set of all feasible maps from T to T’ with respect to € and s. Now we give a criterion to compare
the Steiner Wiener indices of two trees.

n

k
e€E

It follows our result. O

Theorem 2.1. Let T and T’ be two trees in T(n). If there exist ¢ € E(T) and a positive integer s such that F, (T, T') # @, then
SW(T) > SW(T") for 2 < k < n'D(e) + s and SW(T) = SW(T’) for V() +s <k <n—1.

Proof. Assume ¢ € F (T, T'). We consider SW(T) — SW(T’) for 2 < k < n — 1. By Lemma 2.3, we have

<n—w<> m[( > (")

|- 2 1)

3 W’ )+(" >} Mw > <”;<e>>}

[N 2[00+ ()]

| () (7 >} (" > (””if“)]-

(1) (1)

(]

[T ()]

SWi(T) — SWK(T')

a
EM
\<ﬁ
:‘
v
+

IA
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Fig. 1. The star-root transformation of T on u.

yD(e)—s\  (1T(e)+s
)]
_ [(y”/)w(e))) N (n””(qﬁ(e)))} .
k k

Rather, if k < #")(¢) + s then the last inequality above must be strict; if k > 1T)(¢) + s then all above inequalities become
equalities. Thus we have

SWi(T) — SW(T') > 0 ifk < n'P(e) +s,
SWi(T) — SW(T) =0 ifk > nT(e) +s.

It follows our result. O

By Theorem 2.1 we will give some transformations for a tree, which do not increase its Steiner Wiener index. In fact, they
are all special cases of Theorem 2.1 for some specific € and s.

Foratree T € T(n), avertexu € V(T)is a star-root if N(u) = {v, uq, ..., us} such that d(v) > 1and d(u;) = 1 for
1 <i<sands > 1.Clearly, each tree T € 7(n) has at least two star-roots unless T = K; ,_1.Let T be atreein7(n)and ua
star root in V(T) with N(u) = {v, uy, ..., us} such that d(v) > 1. We construct the new tree T, from T by deleting the edges
uy; and adding the edges vu; (see Fig. 1). The star-root switching of T on u is the transformation from T to T,, and T, is the
corresponding star-root switching graph. By simple observations, T, contains one more pendant vertex than T.

Corollary 2.1. Let T be a tree in 7(n). If uis a star-root of T, then SW(T) > SW(T,)for2 <k <n— 1.

Proof. Assume that N(u) = {v, uy, ..., us}, where d(v) > 1. We define the bijection f: E(T) — E(T,) by f(uu;) = vu; for
1<i<sandf(xy) =xyforxy € E(T)\ {uuy, ..., uus}. Denote by ¢ = uv. It is easy to see that

ne)=s+1, n(e)=n—(s+1)
ye) = yT(f(e)), fore € E(T)\ {€}
Y€)= 1, n™(f(e) =n— 1.

Ifs+1< 2 theny™(e) = n{"(e) = s+ 1and 1V(e) = nf" () = n— (s + 1) It means that y ™)(f(e)) = 1 = yT(e)—s
Thus f € F (T, Ty). By Theorem 2.1, we have SWy(T) > SW\(T,) for 2 < k < nM(e) + s. Note that nM(e) + s = n — 1. The
result follows.

Ifs+1 > 5 then yM(e) = n— (s + 1) and nV(e) = n — (n — (s + 1)) = s + 1. It means that yT)(f(e)) = 1 =
yT(e) —(n —s —2). Note thats < n — 3. We haven —s —2 > 1,and thus f € F.,_ s . By Theorem 2.1, we have
SW(T) > SW(T,) for 2 < k < nM(e) 4+ (n — s — 2). Note that nP(e) + (n — s — 2) = n — 1. The result follows. O

Let T € 7(n)and u € V(T). Denote by P(u) = {v € N(u) : d(v) = 1} and P(u)* = {v € N(u) : d(u) > 1}. We say that u
is a pseudo star-root if |P(u)| > 1and |P(u)*| > 1. Particularly, a star-root x is a pseudo star-root with |P(x)*| = 1. Suppose
that vy is a pseudo star-root of T. For v, € P(v{)*and U = {uy, ..., us} € P(vy), we construct the new tree T from T by
deleting the edges vqu; and adding the edges v,u; for 1 <i < s(see Fig. 2). The pseudo star-root switching ofT from v1 to vy

with respect to U is the transformation from T to TV and T{Y)_is the corresponding pseudo star-root switching graph.

v1—>v2 V1)
(P(v1))

The pseudo star-root switching is complete if U = P(v;). For convenience, denote by T, ., = Ty, 5h,.

Corollary 2.2. Let T be a tree in T(n) and v, a pseudo star-root of T. Let U be a nonempty subset of P(vq) and v, € P(vq)*.
If n"(v1v2) < n(v1vy), then SW(T) > SWi( for 2 < k < nD(vivy) + U] and SWi(T) = SW(TY), ) for

U(T)(Ulvz) + U <k<n—1

v1*>U2)

Proof. Define the bijection f: E(T) — E(T\Y), )by f(viu) = vuforu € U and f(xy) = xy forxy € E(T)\ {viu : u € U}.

V1=
(T)

)
Denote by € = vqv,. Obviously, yT(e) = y “ﬁvz)(f(e)) fore € E(T) \ {€}. Since n( )(vlvz) < n; ’(vqvz), we have
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Vi € V2 Vi f(e) v2
—_—

uy up Uy Uy Uy Us

T 7w

Viov
Fig. 2. The pseudo star-root switching from v, to v, with respect to U.

Uy uy U Uq-—2 Ug-1 Uq Up uy Uy Urt1 Ug-1 Uq
@ [ 4 ® - - - 9 - - @& L J

CP(sy,..., S4) CPy(s)

Fig. 3. The caterpillar graphs.

)
yDe) = n{"(e) and yTi=w)(f(e)) = n{"(e) — |U| = yT(e) — |U|. Thus f € F.,y;, and so the result follows from
Theorem 2.1. O

The caterpillar tree with respect to Py = ugu - - - ug, denoted by CP(sq, ..., Sq_1), is the tree obtained from P, by attaching
s; new vertices to u; for 1 < i < d — 1 (see Fig. 3). Especially, the path Py itself can be regarded as the caterpillar tree
CP(0, 0, ..., 0)and the star K; ,_1 can be regarded as the caterpillar tree CP(n — 3). Obviously, CP(s1, Sz, ..., S¢_1) € T(n, d),

~————

d—1
wheren = Zf:si + d + 1. Particularly, if s; = 0 fori # t and s; = s # 0, then such a caterpillar tree is denoted by CP; (s)
(see Fig. 3), that is,
CPq(s) = CP(O,...,0,s,0,...,0).
————

——
t—1 d—1-t

Note that CPy ((s) = CPy 4—¢(s). We always assume that t < % in the notation CPg4 (s).

Corollary 2.3. Let CPq.(s) be a caterpillar tree with respect to Py = uoguq---uq such that s > 1. If t < g — 1, then
SWi(CP4,(s)) > SWi(CPq11(s)) for 2 < k <d — t + s and SW(CPq(s)) = SW(CPyr+1(s)) ford —t +s <k <n-—1

Proof. Denote by T = CP,(s) and T' = CPqy+1(S) (see Fig. 4). Define the bijection f: E(T) — E(T’) by f(u;u) = u4qu for
u € P(u¢)and f(xy) = xy forxy € E(T)\ {u¢u : u € P(u,)}. Denote by ¢ = uu;, 1. Obviously, nST)(e) =s+t+ 1,n(rT)(e) =d—t
and yM(e) = yT)(f(e)) for e # e.

Ifs+t+1 < d—t,then yM(e) = n{"(€) = s+t+1and nM(e) = n{"(¢) = d—t. Therefore, y T )(f(€)) = t+1 = yT(e)—s.
Thus f € F. (T, T’), and so the result follows from Theorem 2.1.

Ifs+t+1>d—tthenyD(e) = n"(e) = d — t and nM(e) = n{"(¢) = s+t + 1. Since t < g — 1, we have
n (€)= (fe)=(d—t+s)—(t+1)=d—2t +5—1> s+ 1> 0.It means that yT)(f(e)) = n{" (f(e)) =t + 1.
Therefore, y")(f(e)) = t + 1 = yT(e) — (d — 2t — 1). Note that d — 2t — 1 > 1. We have f € F, 4__1(T, T'), and so the
result follows from Theorem 2.1. O

3. The sharp lower bound for trees in 7(n, d)

In this section, we first prove that the caterpillar tree CP, 14 (n — d — 1) minimizes the Steiner k-Wiener index in 7(n, d)
*L2

for 2 < k < n — 1 by using the transformations given in Section 2. Next, we get the lower bound by computing the Steiner
k-Wiener index of de.tgj(” —d — 1). Keep in mind that we always assumen > 4and 3 < d < n — 2 for 7(n, d).
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ug uj U1 Uz € Ups Udg-1 Uq ut+l Ug—

—_—

P(up), |P(up)l = s

CPy(s) CPys1(5)

Fig. 4. The caterpillar trees CPy((s) and CPq¢+1(S).

Lemma 3.1. Let T be a tree in T(n,d) and P = ugu;...ug an induced path of T. Then there exists a caterpillar tree
CP(s1, S2, - - - Sd—1) € T(n, d) with respect to P such that

SW(T) = SW(CP(s1, 52, - .., Sd-1))
for 2 <k < n— 1with equality ifand only if T = CP(s1, S2, ..., 54-1)-
Proof. Recall the definition of star-roots. It is easy to see that a tree is a caterpillar tree if and only if it contains exactly two
star-roots. Note that u; and uy_ are two star-roots of T. If u; and uy4_1 are the only star-roots of T, then T is a caterpillar tree
with respect to P, and there is nothing to prove. Otherwise T contains a star-root u different from u; and u4_4. By star-root
switching on u, we transform T to T,.. By Corollary 2.1, we have SWy(T) > SWy(T,) for 2 < k < n — 1. Note that u; and uy_1

are still star-roots of T,,. We regard T, as T and repeat this process. We will end up in finite times because T, contains one
more pendant vertex than T. At last we always get the caterpillar tree CP(sq, S3, ..., Sq_1) withrespectto P. O

Lemma 3.2. If CP(sq,...,Sq4-1) is a caterpillar tree in T(n, d) with respect to P = ugu; .. .uq, then there exists an integer
a e [1, [4]] such that

SWi(CP(s1, - .-, Sd-1)) = SWi(CPgq(n — d — 1))
for 2 <k < n — 1. Furthermore, the equality holds for all k if and only if CP(s1, ..., Sq—1) = CPgq(n —d — 1).

Proof. Denote by T = CP(sy,...,S4-1)andip = max{1 <i<n-—1: )(u Uip) =i+ 1+ Z, 1S < %}. Therefore,
nET)(uiu,»H) < n(,T)(u,-um) if and only if i < iy, thatis,

n;”(uiuiﬂ) < nM(uuyyy), for 1 <i<ip (1)
and

D) < nD(uqw), forip+1<i<d—2 2)

1 i+1%i) = Ty i+14i)s 0 =t = .
In what follows we prove that SWy(CP(s1, . . ., Sa—1)) = SWy(CPq jp+1(n — d — 1)).
For 1 <i <ip+ 1, we define T(i) = CP(0, ..., 0, Z}:lsj, Sit1s - - - » Sa—1)- Without loss of generality, assume s; > 0. Thus
~——

i—1
u; is a pseudo star-root of T(i) for 1 < i < iy. Moreover, we have

T(1)=T
T(2) = T(1) uy ouy» Where U = P(uq) \ {uo}
T(i+ 1) = T({)y—uy,» for2 <i=<ip.

By the definition of T(i), we see that

1
nET(i))(uiuiH) =i+1+ Zsj = nf”(uium), for1 <i<ip.
j=1
Therefore, from (1), we have nf ())(u iUir1) < ni ())(u illiz1) for 1 <i < iy. Thus Corollary 2.2 implies that
io+1
SWi(T(1)) = SWi(T(2)) = -+ - = SW(T(ip + 1)) = SW,(CP(0 0 ZS], Sig+25 -+ + » Sd—1))-
'0
For 1 <i<d—ip— 1, denote by

T'(i) = CP(0, ..., 0,8} 41, Si 125+ Sq_(is1)> s, 0,...,0),
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where sl "= Z}Slsj and st = sjforip + 2 < j < d — 1. Without loss of generality, assume that sq—; > 0. Thus uy_; is a

pseudo star—root of T'(i) for 1 <i < d — iy — 2. Moreover, we have
T'(1)=T(g+ 1)

T(2) =T .., ,» whereU’ = P(ug1)\ {ua)
T'(i+1) = T'(Duy_j>ug_sy) fOr2 <i<d—ip—2.
Similarly, from (2), we have nfT/(i))(ud,,ud,i,1) ( ())(ud iug_ij_1)for 1 <i <d—ip— 2.Thus Corollary 2.2 implies that
SWA(T'(1) = SWi(T'(2)) = -+ = SWi(T'(d — ip — 1)) = SW(CP(0, ..., 0, Zs,, e

io d ig—2
By the arguments above, we have SW(T(1)) > SW(T'(d — ig — 1)), that is,
SWi(CP(s1, ..., Sa—1)) = SWi(CPyjp11(n —d — 1)).

Ifip+1< L%J, then take a = ip + 1 and the result follows. If ip + 1 > L%J, since CPy jp+1(n — 1—d) = CPy a—_(ip+1)(n—1—d),
then take a = d — (ip + 1) and the result follows. O

Lemma 3.3. If CPy¢(n — d — 1) is a caterpillar tree in T(n, d) with respect to P = ugu; . . . ug, then we have
SW(CPg(n—d—1)) > SWk(CPd’L%J(n —d—-1))

for 2 < k < n — 1. Furthermore, the equality holds for all k if and only if CP4¢(n —d — 1) = CP, 4 14

a(n—d—1).

Proof. Since CP;(n—d—1)= CPd d—¢(n — d — 1), without loss of generality, we assume that t < L%J. Ift = L%J, there is
nothing to prove. Otherwise t < L | — 1. By Corollary 2.3, we have SWy(CPg r+i(n —d — 1)) = SWi(CPy ¢+iy1(n —d — 1)) for
0<ic< L | —t — 1.1t follows our result. O

Combining Lemmas 3.1-3.3, we get our main result immediately.

Theorem 3.1. For T € T(n,d)with3 < d < n—2, we have SW(T) > SWk(CPd!LgJ(n—d— 1)) for 2 < k < n— 1. Furthermore,
the equality holds for all k if and only if T = CPd,L%J(n —d-—1)

We recall that Theorem 3.1 provides a generalization of the result known for the Wiener index [9], i.e., it yields this result
by setting k = 2. To make our results more clear, we present a specific example.

Example 1. The tree T given in Fig. 5 is in 7(16, 6). Firstly, by star-root switching, we transform T into a caterpillar tree
as the proof of Lemma 3.1. Since vs is a star-root of T, we transform T to T’ = T,,. Since vy is a star-root of T, we
transform T' to T = T’ = CP(1, 4,2, 1, 1). Next, by pseudo star-root switching, we transform T’ into CPs 4(9) for some
a € [1, 3] as the proof of Lemma 3.2. By snmple calculation, the iy defined in the proof of Lemma 3 2 is equal to 2 Denote
by T(1) = CP(1,4, 2,1, 1). Note that iy + 1 = 3. Since u; is a pseudo star-root of T(1) and “1 (uluz) <n (u1u2
we transform T(1) to T(2), where T(2) = T(l)([l'l])u2 = (CP(0,5,2,1, 1) Similarly, we transform T(2) to T( ) where
T(3) = T( Juy—us = CP(0, 0,7, 1, 1). Denote by T'(1) = T(3). Note that d —ip — 1 = 3. Since us is a pseudo star-root of T'(1)
and ”1 1)(u5u4) < n,T/“)(u5u4), we transform T'(1) to T'(2), where T'(2){{veD) = T (Dyg—uy, = CP(O 0,7,2,0). Similarly, we
transform T'(2) to T'(3), where T'(3) = T'(2)u,—u; = CP(0,0, 9,0, 0) = CPs 3(9). Since 3 = 3, we get the extremal graph.
Thus SW(T) > SW(CPs 3(9)) for 2 < k < 15.

In order to get the lower bound of Steiner Wiener index for the graphs in 7(n, d), we only need to calculate the Steiner
Wiener index of CPd’L%J(n —d-—1).

Theorem 3.2. For 2 < k < n — d, the Steiner k-Wiener index of CP, 4 ,(n — d — 1) is given by

dL 1
SWi(CPy g)(n—d = 1)) = I'(n,d, k),

where I'(n,d, k) = w(z) _ 2[(%“) + (") -

n o e )] for d even and I'(n,d, k) = M(Z)

(k+1 n

d+1 d+1

- [(ﬁ) + () 20+ () - 2(";;’?‘)]for d odd.
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Uy uy Uy U3 Ug Us U uy uy Uy U3 U4 U5 U Uy Uy Uy U3 U4 Us U uy uy Uy U3 U4 U5 U
V7
vy V5V2V3V4 vg Vg Vi V5VaV3V4V7Ve Vg vy VI V5V2V3V4ViVe Vg vy
V2 V3 V4V6 Ve
T € 7(16,6) T =Ty T =T, =T() T(2):T(1)§XLU2 ¢
uy Uy Uy U3 U4 Us Ug uy up Uy U3 Us Us Ug uy Uy Uy U3 Ug Us Ug
Vi V513 V4V7 Ve Vg Vo Vi V5v2VW4V7 Ve Vg Vi V5V2V3V4V7 Ve V8 vy
T'(3) = T'(Quy—uz = CP63(9) T'(2) = T'(Dus>u, T(3) = T(Quy—uy = T'(1)

Fig. 5. The graphs in Example 1.

Proof. From Lemma 2.3, we have

n y(e) n(e)
SWk(CP“’L%J(n_d_mz("_”(k) > [( k )+( k )]
14 d-14]

o)) 10
:(n—l)(Z) —(n—d—1)<n;1> T [(;) - (n;lﬂ +dj [(11>+ (n;l)]

14 d-14)

_ n(d—i—k);k(d-i-U(’I:) _ ;[(;%(”;')} ; [(;)*(nk_l)]

1

We only consider the case that d is even and the other case is similar. Now [ § ] = d — | §] = .Note that (,{,) + (i) = (
for any positive integers a and k. We have,
d d

2[00 -2
[<;>+<j,:f>}
()
[0-20]- [ -£6- )
(i) e() ()

It follows that

d+k)—k(d+1 441 _d
i B ()02

Now we give the lower bound of Steiner Wiener index for trees in 7(n, d).

Corollary 3.1. For T € T(n,d)with3 < d < n — 1, we have
SWi(T) = I'(n, d, k)
for 2 < k < n — 1. Furthermore, if the equality holds for all k then T = CPdA’L%J(n —d-1).
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Table 1

I'(n,d,k)for5<n<19and3 <d < 17.
(n,d, k) I'(n,d, k) (n,d, k) I(n,d, k) (n,d, k) I'(n,d, k) (n,d, k) I'(n,d, k)
(5,3,2) 18 (5,3,3) 27 (6,3,2) 28 (6,3,3) 56
(6,4,2) 31 (6,4,3) 62 (7,3,2) 40 (7,3,3) 100
(7,4,2) 44 (7,4, 3) 110 (7,5,2) 50 (7,5, 3) 125
(8,3,2) 54 (8,3,3) 162 (8,4,2) 59 (8,4,3) 177
(8,5,2) 67 (8,5,3) 201 (8,6,2) 75 (8,6,3) 225
9,3,2) 70 9,3,3) 245 (9,4,2) 76 (9,4,3) 266
9,5,2) 86 (9,5, 3) 301 (9,6,2) 96 (9,6, 3) 336
9,7,2) 108 9,7,3) 378 (10,3,2) 88 (10, 3, 3) 352
(10,4, 2) 95 (10,4, 3) 380 (10,5, 2) 107 (10,5, 3) 428
(10,6, 2) 119 (10,6, 3) 475 (10,7, 2) 134 (10,7, 3) 536
(10,8, 2) 149 (10, 8, 3) 596 (11,3,2) 108 (11, 3,3) 486
(11,4,2) 116 (11,4, 3) 522 (11,5,2) 130 (11,5, 3) 585
(11,6,2) 144 (11,6, 3) 648 (11,7,2) 162 (11,7,3) 729
(11,8,2) 180 (11,8, 3) 810 (11,9,2) 200 (11,9,3) 900
(12,3,2) 130 (12,3,3) 650 (12,4,2) 139 (12,4, 3) 695
(12,5,2) 155 (12,5, 3) 775 (12,6, 2) 171 (12,6, 3) 855
(12,7,2) 192 (12,7,3) 960 (12,8,2) 213 (12,8, 3) 1065
(12,9,2) 237 (12,9,3) 1185 (12,10, 2) 261 (12,10, 3) 1305
(13,3,2) 154 (13,3,3) 847 (13,4, 2) 164 (13,4, 3) 902
(13,5,2) 182 (13,5,3) 1001 (13,6, 2) 200 (13,6, 3) 1100
(13,7,2) 224 (13,7, 3) 1232 (13,8,2) 248 (13,8, 3) 1364
(13,9,2) 276 (13,9,3) 1518 (13,10, 2) 304 (13,10, 3) 1672
(13,11,2) 334 (13,11,3) 1837

For k = 2, 3, we list the lower bound I"(n, d, k) for5 <n < 19and 3 < d < 17 in Table 1.
Acknowledgements

The authors would like to thank the referees and the editors for very careful reading and for helpful comments which
helped to improve the presentation of the paper. This research was supported by the National Natural Science Foundation
of China (Grant Nos. 11671344, 11701492).

References

[1] J.A. Bondy, U.S.R. Murty, Graph Theory, Springer, 2008.
[2] G.Chartrand, O.R. Oellermann, S. Tian, H.B. Zou, Steiner distance in graphs, Casopis Pest. Mat. 114 (1989) 399-410.
[3] A.Dobrynin, R. Entringer, I. Gutman, Wiener index of trees: theory and application, Acta Appl. Math. 66 (2001) 211-249.
[4] R.C.Entringer, D.E. Jackson, D.A. Snyder, Distance in graphs, Czechoslovak Math. J. 26 (1976) 283-296.
[5] L Gutman, B. Furtula, X. Li, Multicenter wiener indices and their applications, ]. Serb. Chem. Soc. 80 (2015) 1009-1017.
[6] I Gutman, S. KlavZar, B. Mohar, Fifty years of the wiener index, MATCH Commun. Math. Comput. Chem. 35 (1997) 1-159.
[7] I Gutman, O.E. Polansky, Mathematical Concepts in Organic Chemistry, Springer, Berlin, 1986.
[8] X.Li, Y. Mao, I. Gutman, The steiner wiener index of a graph, Discuss. Math. Graph Theory 36 (2016) 455-465.
[9] H.Liu, X. Pan, On the wiener index of trees with fixed diameter, MATCH Commun. Math. Comput. Chem. 60 (2008) 85-94.
[10] Y. Mao, Z. Wang, I. Gutman, Steiner wiener index of graph products, Trans. Combin. 5 (2016) 39-50.
[11] H.Wiener, Structural determination of paraffin boiling points, J. Amer. Chem. Soc. 69 (1947) 17-20.
[12] K.Xu, M. Liu, K.C. Das, I. Gutman, B. Furtula, A survey on graphs extremal with respect to distance-based topological indices, MACTH Commun. Math.
Comput. Chem. 71 (2014) 461-508.


http://refhub.elsevier.com/S0012-365X(17)30403-X/sb1
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb2
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb3
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb4
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb5
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb6
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb7
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb8
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb9
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb10
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb11
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb12
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb12
http://refhub.elsevier.com/S0012-365X(17)30403-X/sb12

	A sharp lower bound on Steiner Wiener index for trees with given diameter
	Introduction
	Transformations for trees
	The sharp lower bound for trees in T(n,d)
	Acknowledgements
	References


