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Abstract In this paper, we give a necessary and sufficient condition for the integrality
of Cayley graphs over the dihedral group D, = (a,b | a" = b*> = 1,bab = a~ ).
Moreover, we also obtain some simple sufficient conditions for the integrality of Cayley
graphs over D, in terms of the Boolean algebra of (a), from which we find infinite
classes of integral Cayley graphs over D,,. In particular, we completely determine all
integral Cayley graphs over the dihedral group D, for a prime p.
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1 Introduction

A graph X is said to be infegral if all eigenvalues of the adjacency matrix of X are inte-
gers. The property was first defined by Harary and Schwenk [12], who suggested the
problem of classifying integral graphs. This problem initiated a significant investiga-
tion among algebraic graph theorists, trying to construct and classify integral graphs.
Although this problem is easy to state, it turns out to be extremely hard. It has been
attacked by many mathematicians during the past 40 years, and it is still wide open.
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Since the general problem of classifying integral graphs seems too difficult, graph
theorists started to investigate special classes of graphs, including trees, graphs with
bounded degrees, regular graphs, and Cayley graphs. The first considerable result on
integral trees was given by Watanabe and Schwenk in [21] and [22]. Then, many math-
ematicians constructed some infinite classes of integral trees with bounded diameters
([6,20,23]). It is heartening that Csikvari [9] constructed integral trees with arbitrarily
large diameters. With regard to integral regular graphs, the first significant result was
given by Bussemaker and Cvetkovi¢ [7] in 1976, which showed that there are only 13
connected cubic integral graphs. About 20 years later, in 2000, Stevanovi¢ considered
the 4-regular integral graphs avoiding 4-3 in the spectrum and gave the possible spectra
of 4-regular bipartite integral graphs without 43 as their eigenvalues in [19]. Recently,
Lepovic [16] proposed that there exist exactly 93 non-regular, bipartite integral graphs
with maximum degree 4.

Given a finite group G and a subset 1 ¢ § C G with § = S~!, the Cayley
graph X (G, S) has vertex set G and two vertices a, b are adjacent if a'b e S. In
1982, Bridges and Mena [5] gave a complete characterization of integral graphs over
abelian groups and So [18] found a new proof for integral circulant graphs in 2005.
Later, Abdollahi and Vatandoost [1] showed that there are exactly seven connected
cubic integral Cayley graphs in 2009. About the same year, Klotz and Sander [14]
proved that, for an abelian group G, if the Cayley graph X (G, S) is integral, then S
belongs to the Boolean algebra B(F) generated by the subgroups of G. Moreover,
they conjectured that the converse is also true, which has been proved by Alperin and
Peterson [3].

In 2014, Cheng, Lau and Wong (cf. [8, Corollary 1.2]) presented that the normal
Cayley graphs over symmetric groups are integral (a Cayley graph is said to be normal
if its generating set S is closed under conjugation). In the same year, Alperin [2] gave a
theoretical characterization of integral Cayley graphs over finite groups; however, it is
far from being solved to obtain an explicitly characterization of integral Cayley graphs
over non-abelian groups. As a simple attempt to this aspect, we try to characterize
integral Cayley graphs over dihedral groups. At first, by using the expression of spectra
of Cayley graphs, we obtain the necessary and sufficient conditions for the integrality
of Cayley graphs over the dihedral group D, (see Theorems 2.2 and 3.3). In terms
of atoms of Boolean algebra of D,,, we also obtain a simple sufficient condition (see
Corollary 3.2) and a necessary condition (see Corollary 3.3) for the integrality of
Cayley graphs over D,,. In particular, we determine all integral Cayley graphs over
D, for a prime p (see Theorem 4.2).

2 The Spectra of Cayley Graphs Over Dihedral Groups

First of all, we review some basic definitions and notations of representation theory
for latter use.

Let G be a finite group and V an n-dimensional vector space over C. A repre-
sentation of G on V is a group homomorphism p : G — GL(V), where GL(V)
denotes the group of automorphisms of V. The degree of p is the dimension of V.
Two representations p; : G — GL(Vy) and pp : G — GL(V2) of G are called
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equivalent, written as p; ~ pa, if there exists an isomorphism 7" : Vi — V; such that
Tpi(g) = p2(g)T forall g € G.

Let p : G — GL(V) be a representation. The character x, : G — C of p is
defined by setting x,(g) = Tr(p(g)) for g € G, where Tr(p(g)) is the trace of
the representation matrix of p(g) with respect to some basis of V. The degree of the
character y, is just the degree of p, whichequals x, (1). A subspace W of V is said to be
G-invariant if p(g)w € W foreach g € G and w € W.If W is a G-invariant subspace
of V, then the restriction of p on W, i.e., pjw : G — GL(W), is a representation of
G on W. Obviously, {1} and V are always G-invariant subspaces, which are called
trivial. We say that p is an irreducible representation and x,, an irreducible character
of G, if V has no non-trivial G-invariant subspaces. One can refer to [17] for more
information about representation theory.

If we build synthetically a vector space CG whose basis consists of the elements
of G, i.e.,

CG = chg|cg€C ,
geG

then the (left) regular representation of G is the homomorphism L : G — GL(CG)
defined by

L(g) Zchh = Zchgh = ch_lxx

heG heG xeG

for each g € G. The following result about regular representation is well known.

Lemma 2.1 ([17]) Let L be the regular representation of G. Then

L~dp ©drpo2®---®dppn,

where p1, ..., py are all non-equivalent irreducible representations of G and d; is the
degree of p; (1 <i < h).

Suppose that X = X (G, S) is an undirected Cayley graph without loops, that is, S
is inverse-closed and does not contain the identity. Let L be the regular representation
of G, and R(g) the representation matrix corresponding to L(g) for g € G. Babai [4]
noted the adjacency matrix of X (G, §) can be expressed in terms of R(g).

Lemma 2.2 ([4]) Let G be a finite group of order n, and let S C G\{1} be such
that S = S™'. Then, the adjacency matrix A of X(G, S) can be expressed as A =
Y ses R(s), where R(s) is the representation matrix corresponding to L(s).

Let p1, ..., pn be all non-equivalent irreducible representations of G with degrees
dy,...,dy (dl2 + .- 4 d? = n), respectively. Denote by R;(g) the representation
matrix corresponding to p;(g) for g € G and 1 <i < h. Therefore, by Lemma 2.1,

L~dip & - ®dypn,
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Table 1 Character table of Dj, X

for odd n a ba*
V1 1 1
) 1 —1
X 2 cos (%) 0

which means that there exists an orthogonal matrix P such that
PR(P™' =diRi(8) ®d2R2(8) ® -~ ® dj Ry(g)
for each g € G. Therefore, we have
PAP ' =P (Z R(s)) Pl'=d Y Ri()® - ®dy Y Rus).
seS ses seS

Suppose that 4, 1, . .., A; 4, are all eigenvalues of the matrix )
The spectrum of X (G, S) is given by

Ri(s) (1 =i < h).

seS

Spec(X (G, S)) = {[xl,l]dl, e a1 ] [xh,dh]dh} .

Babai thus proved

Lemma 2.3 ([4]) The spectrum of X (G, S) is given by

Spec(X (G, §)) = {[M,l]‘ll, e D1 a1 [xh,dh]dh} ,

.....

Denote by D, = (a, b | a" = b?> = 1, bab = a™') the dihedral group of order 2x.
Now we list the character table of D,,.

Lemma 2.4 ([17]) The character table of D, is given in Table 1 if n is odd, and in
Table 2 otherwise, where V; and x j are irreducible characters of degree one and two,
respectively, and 1 < h < L%J.

Lemmas 2.3 and 2.4 yield the spectra of Cayley graphs over D,, immediately, as in
[4, Proposition 4.1].

Theorem 2.1 ([4]) Let D, be a dihedral group and S < D,\{1} satisfying S = S~
Then

1 2 2. n—1
SPGC(X(Dn,S))={[)»i];[Mhl],[,uhz] li=1,....m;h=12,...,| > J},
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Table 2 Character table of D, ak bak

for even n
v 1 1
1) 1 -1
V3 (—1)k (—D¥
K[’4 (_l)k (_])k+1
X 2cos (%) 0

where m = 2 if n is odd and m = 4 otherwise, and

ki = i), i=1....m
ses
4 Mh1+Mh2=ZXh(S), h=1,2,.~-,L%J; (1)
seS
Wiy + Wiy = Z Xy(s1s2), =12, [25].
$1,52€8

Let A, B be two subsets of a group G. For any character x of G, we denote

X(A) = Y ,cax(@) and x(AB) = Y ,.4 pep X (ab). Particularly, x(A?) =
Zal’azeA X (alaZ)-

Theorem 2.2 Let D, = {(a,b | a" = b> = 1,bab = a~ ') be the dihedral group,
andlet S = S1 U Sy € D,\{1} be such that § = S~ where S| C (a) and Sy C b{a).
Then, X (D, S) is integral if and only if the following two conditions hold for 1 <
h< "7

() x,(SD, %, (5D + x,(S3) are integers;

(11) Ap(S) =2 [Xh (Slz) + X, (S%)] — [Xh (Sl)]2 is a square number.

Proof Note that S157 = {s1s2 | s1 € S1,52 € S} € b(a) and $,S51 € b(a). By
Lemma 2.4, we have x;,(5152) = 0 = x,(5251). Thus,

AOED SN ACE PP ACIEDACHE

s2€8H

%, (8% = Zmzes X5, (5152)

= %, (SD) + x, (5182) + x, (S281) + x,(53)
= x,(SD) + x,(53).

Then, the spectrum of X (D,,, S) presented in (1) can be rewritten as

M=) Yils) = Yi(S), i=1....m

ses . (2)
wh1 + wr2 = x, (S1), h=1,2,..., %51
1y + i = X, (SD + %, (8D, h=1,2, ..., |5
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First suppose that X (D,,, S) is integral. From (2), we know that x, (S1) and x, (S 2) +
Xh (S ) must be integers, and thus (i) holds. Since w1 and uj; are integers, and they
are also the roots of the following quadratic equation:

1 2 2
2 =, (80 x + 5 [ 1,507 = 06, (D + %, (D | = 0. 3)

the discriminant A, (S) = 2 [x, (SD) + x,(SD)] - [x. (Sl)]2 must be a square number,
and thus (ii) follows.

Next suppose that (i) and (ii) hold. Then, the solutions w1 and pp2 of (3) must be
rational. This implies that ©;; and w2 must be integers because they are algebraic
integers. Additionally, the eigenvalues A; are always integers. Hence, X (D,, S) is
integral. O

Let C, = (a) be the cyclic group of order n. It is well known in [17] that the
irreducible characters of C,, can be presented by

k ik
on@)=e n ', where0 <h <n-—1. (4)

Particularly, ¢o(a¥) = 1. We have

n—1

—Z¢h<ak>—<¢h ¢o) =0forl <h<n-—1. (5)

Theoretically, Theorem 2.2 gives a necessary and sufficient condition for the integrality
of Cayley graphs over dihedral groups. As an application of Theorem 2.2, we give a
class of integral X (D,,, S).

Corollary 2.1 For odd number m, let Dy,, = (a, b | a’ = b? =1, bab = a_l) be
the dihedral group of order 4m. Let S| = {a™}, S» = b(a®) and S = S| U S,. Then,
X (Do, S) is connected and integral.

Proof ItiseasytoseethatS = S -1 generates Dy, and so X (Do, ) is connected. By
Lemma 2.4, we have x, (S1) = 2cos(222%) = £2, and x, (5?) = 2 due to 57 = {1}.
By simple calculation, S% consists of all elements of (¢?) in which each one appears
m times, that is, S22 = m % (a?). From (4), (5) and Lemma 2.4, we have

m—1 m—1 m—1
2h - 2km 2hkm
Xh(Sz) =m Z xh(azk) =m ZZCOST =m Z cos -
k=0 k=0 k=0
m ( Dhkm 2h(m — k)n)
=m CcoS +cos ———
= m m
m—] Dbk _ 2him—ym dhkx
=m e Z ) = 2m e m
k=0 k=0
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m—1

=2m Y ¢n((@)") =2m - m{gy. do) =0.
k=0
By Theorem 2.2, X (D>, S) is integral. O

Remark I In fact, the spectrum of the graph X (Dy,,, S) in Corollary 2.1 can be
obtained easily by Theorem 2.1, whichis {—m — 1, —m + 1, m — 1, m+1, [—1]2"2,
[1]2m—2}.

In the next section, we will simplify the result of Theorem 2.2 and provide infinite
classes of integral Cayley graphs over dihedral groups in terms of Boolean algebra on
cyclic groups.

3 The Necessary and Sufficient Condition for the Integrality of
X (D, S)

Alperin and Peterson [3] give a necessary and sufficient condition for the integrality
of Cayley graphs over abelian groups, in which they introduce some definitions such
as Boolean algebra and atoms for a group. Let G be a finite group, and F¢ the set
consisting of all subgroups of G. Then, the Boolean algebra B(G) is the set whose
elements are obtained by arbitrarily finite intersections, unions, and complements of
the elements in Fs. The minimal non-empty elements of B(G) are called atoms.
Clearly, distinct atoms are disjoint. Alperin and Peterson show that each element of
B(G) is the union of some atoms, and each atom of B(G) has the form [g] = {x |
(x) =(g),x € G}, where g € G.

We say that a subset S € G is integral if x(S) = ) ;g x(s) is an integer for
every character x of G. From Lemma 2.3, we know that S must be an integral set
if the Cayley graph X (G, S) is integral. The following elegant result gives a simple
characterization of integral Cayley graphs over an abelian group G by using integral
sets and atoms of B(G).

Theorem 3.1 ([3], Theorem 5.1 and Corollary 7.2) Let G be an abelian group. Then,
S C Gisintegral iff S € B(G) iff S is a union of atoms of B(G) iff X (G, S) is integral.

However, the statement of Theorem 3.1 is not true for non-abelian groups and is not
true for dihedral groups. Notice that the dihedral group D, is the semidirect product of
cyclic group C, by C», i.e., D,, = C,, x C;. In what follows, we characterize integral
X (D, S) by using the Boolean algebra of the cyclic group C,,.

Let S be a subset of G. A multi-set based on S, denoted by S, is defined by a
multiplicity function mg : § — N, where mg(s) (s € §) counts how many times s
appears in the multi-set. We setmg(s) = Ofors ¢ S.The multi-set S is called inverse-
closed if mg(s) = mg(s—") foreach s € S and integral if x (S™) =) cgms(s)x (s)
is an integer for each character x of G. Besides, if no confusion occurs, we might
write x (S") = D cgm x (s) instead of x (§™) =) cgms(s)x(s).

For S € B(G), we know that S is the union of some atoms, say S = [g1]U[g2]U- - -U
[g«]. Denote by S™s1-82:8 the multi-set with multiplicity function mg, 4, o, , Where

.....
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Mg, gr....q.(8) = m; € Nforeachs € [g;]and 1 < i < k; that is, S"s1-828% =
mi * [gilUmo * [g2] U -+ Umyg x [gr]. We define C(G) = {§"svs2-8% | § =
[g1]U[g2lU---Ulgr]l € B(G), gi € G, k € N} to be the collection of all multi-sets
such as §™¢1-82.-2 which is called the integral cone over B(G). By Theorem 3.1, T
is an integral set of the abelian group G iff T € B(G). With respect to multi-sets, we
get the similar result by the same method of [3, Theorem 5.1]. For a multi-subset 7"
of G, let v~ be the vector indexed by the elements of G such that vrm(a) = mr(a)
for any a € G. If T™ is integral, as in the proof of [3, Theorem 5.1], we also get that
Urm = MV[q] + MV[ay] + - - - + MUy and hence T" = m * [a1] Umy * [az] U
<~ Umyp * [ag] € C(G). It follows that

Lemma 3.1 Let G be an abelian group, and T™ a multi-subset of G. Then T™ is
integral if and only if T € C(G), where C(G) is the integral cone over B(G).

Remark 2 This result was first given by Bridges and Mena [5] in a different way and
generalized by DeVos et al. [11].

Lemma 3.2 Let U be a multi-set of integers satisfying U = —U, and let n, h be two

o ) 2hum +
positive integers. Then ), _;; cos 2h1;m =D uev€ " -

. 2hu7ri 2h(—u)7ri
Proof Since U = —U,wehave ), ;e » "=,y e n» ' Therefore,

2hum ; 2hum « 2h(—u)m + 2hum s 2h(—uw)m &
2 enl: enl—|—Een1:E(enl—+—e n l)

uel uelU uelU uelU
2hum
= Z 2 cos .
n
uel
This completes the proof. O

Lemma 3.3 Let D, = (a,b | a" = b*> = 1, bab = a™ ') be the dihedral group, and

T™ an inverse-closed multi-subset of (a). Let x5, and ¢y, be the irreducible characters

of Dy, and (a), respectively. We have

(1) x,(T™) =2¢(T™) for | < h < | "7 ];

(2) x,(T™) is and integer for all 1 < h < L%J iff on(T™) is an integer for all
O0<h<n-1

Proof Since T™ is inverse-closed, there exists a multi-set U = —U of integers such
that 7" = {a" | u € U}. By Lemma 3.2, we have

(T =" xn@)= 2cos 2}2‘” =2 e =23 p(a") = 200(T™).

uelU uel uel uelU

Thus (1) holds.
Notice that both x, (7™) and ¢, (T™) are algebraic integers. We claim that y, (T"")
is an integer iff ¢, (T™) is an integer for each 1 < h < L”z;lj. Next we consider

¢n—n(T™) for | <h < |“5']|. By Lemma 3.2, we have
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2n—hu ; 2(n — h)um 2hum
_p(T™) = o= e
Gn—n(T™) Z e Z cos " Z cos

n
uel uelU uelU
2hum s

=Y S = g™,
uel

Thus ¢,,—,(T™) is an integer iff ¢, (T™) is an integer. Also note that ¢o(7™) and
¢% (T™) (for even n) are always integers. It follows (2). O

By Lemmas 3.1 and 3.3, we have the following result.

Theorem 3.2 Let D, = (a,b | a* = b*> = 1,bab = a~ ") be the dihedral group,
and T™ an inverse-closed multi-set with T C (a) C D,. Then x, (T™) is an integer
foralll <h < L”EIJ if and only if T™ € C({a)). In particular, x,(T) is an integer
forall1 <h < L"—;lj ifand only if T € B({a)).

Recall that the atom of B(G) containing ¢ € G has the form [g] = {x | (x) =
(g), x € G}. Thus, for cyclic group (a) of order n, the atom of B({a)) containing
a € (a), where d|n, can be presented as [a?] = {d' | (I, n) = d}, where (I, n) stands

for the greatest common divisor of / and n.

Lemma 3.4 Let D, = (a,b | a" = b*> = 1, bab = a™') be the dihedral group and

T C{a). If T € B((a)), then 2x,(T?) = (x,(T))* for | <h < LHEIJ-

Proof Without loss of generality, suppose that T = [aD] U [a®2] U --- U [a%] C
(a) with d;jln fori = 1,...,k.Let &; = {1 < [; < n | (l;,n) = d;}. We have
[a%] = {a" | (l;,n) = d;} = {a" |I; € ®;}. Thus, by setting ® = U=k ®;, we have
T={d|le®)and T? = {a* | 5,t € ®}. By Lemma 3.2, we have

2h t ST .
2X,1(T2) =2 Z x, (@) =2 Z 2005M =4 Z o T
s,ted s,ted n s, ted

Qhsw s Qhtr 2hsm 2htm
=4 n 1 n 1 =1 E E
sed ted sed ted

_ (Z 2 cos 2h:”) (Z 2 cos 2’7) = (Z %, (aS)> (Z %, (af)>

sed ted sed ted

2
= (Xh (T)) .
This completes the proof. O
From Theorem 3.2 and Lemma 3.4, we get the following corollary immediately.

Corollary 3.1 Let D, = (a,b | a* = b> = 1, bab = a™ ') be the dihedral group and
T C{a). If T € B({a)), then x,(T), x, (T?) are integers and 2, (T?) is a square
number forall 1 < h < ["51].

Using these preparations above, the result of Theorem 2.2 can be simplified as the
following theorem.
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Theorem 3.3 Let D, = (a,b | a" = b> = 1, bab = a™') be the dihedral group of
order2n, and let S = Sy U Sy € D,\{1} be such that S = S~!, where S| C (a) and
S2 € b{a). Then X(Dy, S) is integral if and only if S1 € B({a)) and 2y, (S%) isa
square number forall 1 < h < L”T_IJ.

Proof First suppose that X (D,,, S) is integral. By Theorem 2.2, x, (S1) is an integer
foralll <h < L”z;lj. By Theorem 3.2, S; € B({a)). Then, by Lemma 3.4, we have

2x, (Slz) = (Xh (Sl))z. Therefore,
An(S) =2, (H + 1,D] = Do ST =2x,(5).

Again by Theorem 2.2, A, (S) = 2y, (S%) is a square number forall 1 < h < L%J.

Conversely, suppose that Sy € B({a)) and 2y, (S%) is a square number for all
1 <h< L%J. By Corollary 3.1, both x, (S1) and g, (Slz) are integers for each h.
Moreover, x, (S%) must be an integer because 2, (S%) is a square number and (S%)
is an algebraic integer. Therefore, x, (Slz) + X, (S%) is an integer. Since S1 € B({a))
and 2y, (S%) is a square number, by Lemma 3.4, A, (S) = 2y, (522) is a square number.
Thus, X (D, S) is integral by Theorem 2.2. O

Theorem 3.3 gives a criterion to find integral X (D,,, §), from which we get infinite
classes of integral Cayley graphs over dihedral groups in the following corollary.

Corollary 3.2 Let D, = (a,b | a* = b* = 1, bab = a™ ') be the dihedral group of
order 2n, and let S = S1 U S2 € D, \{1} be such that S = S_l, where S1 C (a) and
S> C bla). If S1,bS, € B({a)), then X(D,,, S) is integral.

Proof By Theorem 3.3, it suffices to show that 2, (S%) is a square number for each
1<h< L"—glj. Since bS, € B({a)), bS> and S, can be written as

bS) = [aP U [a® U ---Ula%] and S, = b[a® U b[a®] U --- U bla],
for some d;|n wherei = 1, ..., k. Therefore,
(bS2)* ={a""2 |1}, 1, € @) and S5 = {a" T2 | 11,1, € B},

where ® = {¢ | (¢, n) € {di, ..., dy}}. Note that ® = —® (mod n). We have S7 =
(bS»)?. Since bS» € B({a)), by Lemma 3.4,

20,(59) = 2x, (652?) = %2 (0S2)

is a square number. O

Corollary 3.2 gives an explicit condition for the integrality of X (D, S). However,
this sufficient condition is not necessary. We will give a counterexample in Example 1.
For this purpose, we need to introduce the famous Ramanujan sum. Lets > 0,n > 1
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be two integers. The Ramanujan sum is defined by c(s, n) = Z(k, =1 ezsff 8 i, which

is known to be an integer (see [10] for reference):

c(s,n) = 90(’:1) M((snn)) (6)
w((m)) ’

where ¢(-) and w(-) are the Euler’s totient function and M&bius function respectively.
Therefore, it is easy to see that c(s,n) = u(n) if (s,n) = 1 and c(s,n) = ¢(n) if
(s,n) =n.

Example 1 Let D3y = (a,b | a®* = b* = 1, bab = a~!) be the dihedral group, and
S = S1US,, where S| = [a] and S» = {b, bak}. Clearly, X (D3g, S) is connected. By
simple computation, 522 = 2 % [1] U [a*] is a multi-subset with multiplicity function:
mg(x) = 2ifx € [1] = [a"] = {1}, and mz(x) = 1if x € [a*] = {d¥, a?k).
Therefore, by Lemma 3.1, S% € C({a)) is integral. Moreover, by Lemma 3.3 (1), we
have 2, (S3) = 4¢,(S3). Therefore,

2 (5h = dgnsh =4 (255 1 Y0 M) —afan 0 o
Emy=k (5.3)=1
=42 +c(h,3)).

If 3 4 h, then (h,3) = 1 and so ¢(h,3) = pn(3) = —1. It means that 2y, (S%) =
42 — 1) = 4. If 3|h, then (h,3) = 3 and so c(h,3) = ¢(3) = 2. It means that
2x,(83) = 4(2 +2) = 16. Thus 2, (53) is a square number for each 1 < i < 3£ ].
Moreover, S1 = [a] € B({a)). By Theorem 3.3, X (D3, S) is integral. However,
bSy = {1,a*} ¢ B((a)).

Next we present a necessary condition for the integrality of X (D,,, S).

Corollary 3.3 Let D, = (a,b | a" = b> = 1, bab = a~') be the dihedral group,
andlet S = S1US> € D,\{1} be such that S = S—1 where S| C (a) and S» C b{a).
If X(D,,, S) is integral, then S1 € B({a)) and S% e C({a)).

Proof If X(D,, S) is integral, then S; € B({a)) and 2, (S%) is a square number for
alll <h < L%J by Theorem 3.3, and so yx, (S%) must be a rational number. Thus,

we claim that yx, (S%) € Z because x, (S%) is an algebraic integer. By Theorem 3.2,
we get S5 € C({a)). O

Unfortunately, the necessary condition given in Corollary 3.3 is not sufficient yet.
We present a counterexample below.

Example 2 Let D7 = (a,b | a’ = b*> = 1,bab = a~') be the dihedral group of
order 14 and S = S, = {ba, ba?, ba4}. It is clear that X (D7, S) is connected. By
simple computation, we have

S2={1,1,1,a,a%,a>,a* a,a% =3 % [1]U[a] € C({a)).
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Therefore, by Lemma 3.1, S% € C({a)) is integral. Moreover, by Lemma 3.3 (1), we
2hkm i

have 2, (S3) = 4¢5(S3). Therefore, 2, (S3) = 4¢,(S3) = 4 (3 +Y 8 e ) =
43 4 c(h,7)).If 71 h, then (h,7) = 1 and so c(h,7) = u(7) = —1. It means that
2X, (S%) = 4(3 — 1) = 8, which is not a square number. By Theorem 3.3, X (D7, S)
is not integral.

Although the integral Cayley graphs over dihedral groups are completely charac-
terized by Theorem 3.3, it seems difficult to explicitly give all integral X (D, S). In
the next section, we will determine all integral X (D,,, S) for n being a prime.

4 Integral Cayley Graphs Over D,

Let D, = {(a,b | a" = b*> = 1, bab = a~') be the dihedral group of order 2n, and
let S = S1US, € D,\{1} be such that § = S—! where S| C (a) and S» C b{a). We
have known that S; € B({(a)) and S% € C({a)) if X(D,, S) is integral by Corollary
3.3. This implies that S has the form

3 =my *[a"1Umy % [a®]U - Umy * [a¥], (7)

for some d;|n wherei = 1, ..., k. The multiplicity function m s2 of the multi-set S% is
given by m s (x) = m; for x € [a%]. We say that S% is k-integral if S% has the form of

(7) withm; # 0 for 1 <i < k. Clearly, S% always contains 1, and if S> contains two
distinct elements, then S% will contain an element different from 1. Taking k = 1 in
(7), then S, contains only one element and so S% = {1}, thus 2y, (S%) = 4 is a square
number. Then, we have the following result for the 1-integral S%.

Lemma 4.1 Let D, = (a,b | a" =b* =1,bab=a"")and S = S; U S, € D, \{1}
such that S = S~', where S| C (a) and S» < b{a). If S1 € B({a)) and Sy = {ba'}
forany 0 <i <n —1, then X(D,, S) is integral.

In what follows, we focus on 2-integral S2.ie., S% = my *[aD]Umy *[a®]. Since
S» C b{a), there exists U C Z, such that S» = {ba' | i € U}. Then 522 = {a"17"2 |
ui, up € U}isamulti-set containing ¢ x {1}, where t = |U| = |S>|. Thus, without loss
of generality, we always assume that m; = ¢ and d; = n. Itis interesting to notice that
there is arelation between the 2-integral sets and the difference sets in a group. Let G be
a group of order n with a subset S of order k. Then S is called a (n, k, 1)-difference set
in G provided that the differences ss’~! fors, s’ € S, s # s contain every non-identity
element of G exactly A times. Difference sets are important in design theory because
they are equivalent to symmetric (n, k, A) designs with a regular automorphism group
[15]. We refer the readers to [13] for more information about difference sets. By the
arguments above, if S% is 2-integral, then S% = ¢ % [1] U my % [a®]. If additional
[a®2] = (a)\{1}, then Sé = bS, is just the (n, t, my)-difference set in (a) because
§'s' 1 = S%. In fact, we will see that the difference sets in C), for a prime p are very
important when we consider the integral Cayley graphs in D ,. The underlying relation
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between difference sets in (a) and integral Cayley graphs over D, is an interesting
area of future research.

Suppose that S, € b{a). By Lemma3.3 (1), x,(53) = 2¢,(S3) for1 < h < [%51].
Thus 2y, (S%) is a square number if and only if ¢ (S%) is a square number. The
following result gives a necessary and sufficient condition for ¢y, (522) being a square
number when 522 is 2-integral.

Lemma 4.2 Letn = p{'py* - pr" (pi = 3, r > 1) be the prime factorization of n
and S, C b{a) C D, = {(a,b | a" =b>=1,bab = a™'). If 3 = tx[1]Umz * [a®]
(implying that |S>| = t) is 2-integral, then ¢y, (S%) is a square number forall 1 < h <
L%J if and only ifc?—2 = pi forsomei (1 <i <r),andt = p; — 1 or p;.

Proof Letny = [’;—2, according to (4) and (6) we have

$n(S3) = Y dn(x) =tgn()+ Y magy(x)

xess xela2]
v 2hldy
:l’—'—mz Z eZhy,ll:t+m2 Z e m !
(I,n)=d» (/dz,n2)=1
ety =t A my 2D (2 (8)
( ny ) (h, ny)
Y\ @n)
By counting the number of elements of S7, we have
t +mop(ny) =12 )
From (8) and (9) we have
t(t—1 n
on(S3) =1+ ( )u( 2 ) (10)
@ ((hnzz)) (h,n3)

Now we consider the sufficiency. Suppose that there exists some i such thatn, = p;,
and t = p; — 1 or p;. For any h satisfying (h, ny) = 1, from (10) we have

pu(sp = "L (1
pi—1
Thus ¢, (S3) = 1ift = p; — 1, and ¢,(S3) = 0 if t = p;. Additionally, for any h
satisfying (1, n2) = no, from (10) we have ¢;,(S3) = t>. Thus, ¢,(S3) is always a
square number for 1 < h < L% )
Conversely, assume that ¢y, (S%) 1S a square number, say ¢y, (S%) = w% (wp, = 0)

forl <h < L%j . Notice that n; is a factor of n. We need to consider the following
three cases:

Case 1.np = p; forsomei (1 <i <r);
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Taking & such that (h, ny) = 1, then we also have (11), from which we obtain that
t > w% duetor > 2, and
(f + wp)( — wp)

i = 3

(12)

Note thatr —wy, > t—w% > 1.Firstassumethatr—w;, = 1. Thent—wy, = t—w,% =1,
and sow, = 0orwy = 1. If w, =0, thent = wy, + 1 = 1, which is impossible. If
wy = 1,thent = 2, and p; = 3 by (12). Next assume that t — wj > 1. Since p; is a
prime, from (12) we have t — w;, =t —w% ort+w, =t —w%.lft-l—wh =t—w%,
then wy, = 0;ift —wy, =1 — w,%, then wy, = 0 or wy, = 1. Thus, from (12) we have
t=piifw,=0,andt = p; — 1 ifwy, = 1.

Case 2. pl.2|n2 forsomei (1 <i <r),

By taking A such that ﬁ = ny, we have u <(h”—22)) = wu(nz) = 0, which leads
to that ¢y, (S%) = t by (10). Thus t = |S>| is a square number independent with /. By
taking another 4 such that (h”—,iz) = pi, we have ¢y, (S%) = tgj’ =) by (10), which gives
t = p; — 1 or p; by the arguments of Case 1. Finally, if 1 = p; then p; is a square
number, a contradiction; if t = p; — 1, we have 2= (pi — 1)? < pi(pi—1) < p(ny),
which contradicts (9). Thus, in this case, ¢h(S%) cannot be always a square number
forl <h < [%5].

Case 3. p; p|n; for some i ;é ja<i,j<r).

By taking & such that (h - 5 = Pi» we have ¢h(S2) = t(;l_t) by (10), which
glves t = p; — 1 or p; by the arguments of Case 1. Similarly, by taking 4 such that
Gy = pj.wehavet = pj —1or p;. Note that 7 = |5>] is independent with i
and i # j. We have p; — 1 = p; or p; = p; — 1, which are all impossible because
both of p; and p; are odd primes. Thus ¢y, (S%) cannot be always a square number for
1 <h < ["5] in this case.

This completes the proof. O

By Lemma 4.2, we gives a specific characterization of integral X (D, S) for S%
being 2-integral.

Theorem 4.1 Letn = p{' p3*--- p;" where p; > 3isaprime.Let1 ¢ S = §1US, C
D, ={a,b|a" =b>=1,bab=a"'ywithS = S, S; C (a) and S» C b{a). If S3
is a 2-integral, then the Cayley graph X(Dn, S) is integral if and only if S1 € B({a))

and S» —ba/(al’l)\{ba it }orbaf(al’z) wherel <i <r,0<k < p; —1and
0<j=<, -L

Pi
Proof We first consider the sufficiency. If S = ba’ (apli )\{bakl%ﬂ }, we have

$3 = (ba’(am) - bal (@ \2 5 (ba (a7) - (pa“ 7y ) YU a7 a7

= (pix (@2 @) u )

= (pi— D {1}U(p; —2) x[a].
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Similarly, if S» = b(apli)aj, we have S% = pi x {1} U p; % [apli]. Thus, by Lemma
4.2, ¢(S3) is a square number for all 1 < i < [“51], so are 2x4(53)(= 4 (53)).
By Theorem 3.3, X (D,,, §) is integral and the sufficiency follows.

For the necessity, let S% be 2-integral, we may assume that

S =1 [1]Uma * [adz] (13)

where t = |$2| > 2 and d;|n. Since X (D,;, S) is integral, ¢y, (S%) presented in (10) is

a square number forall 1 < h < I_%J. By Lemma 4.2, there exists 1 < i < r such

2_
thatny = 7~ = pjandt = p; — lor p;. If t = p; — 1, we have my = %:pi—Z

from (9). Thus, we may assume that Sy = {ba"!, ..., ba"?i~'}, combining (13) we
have

(pi — D {1}U(pi —2) kfa?] =82 ={a“ ™™ |1 <s5.1 < p; — 1)
= (pi— D x{1}U{a" " | s # 1.

n
Therefore, a"s~" € [aPi] for any s # t. Since a“27"1, ... a"ri—='7"! are different

elements in [al’ii], there exists k1 (1 < k; < p; — 1) such that
(@27, Lt Ty = i \fa 7). (14)

Note that #| can be written as u| = kzﬁ + j,where 0 <k < p;—1land0 < j <

ﬁ — 1. Then a"! = akzl’iiﬂ and from (14) we have

bSy = f{a"',a", ... a"ri7' ) = {a" f U a7, a0 at
= (@} U (fa7 " 7)) - (a")

no no RN A no
— {akZ Di +J,(l(k2+1) i +J a(k2+P1 1)171' +]}\{a(k1+k2)pi +]}

= (a7 )al\ Iak"i"ﬂ.}'

Thus S = ba’ (a7 \\{ba"* 7 */}. Similarly, if r = p;, we have m» = p;. Assume that
Sy = {ba"t, ..., ba"ri}, combining (13) we have

pix {1} Upislar] =82 ={a"“ " |1<s,1<pi—1)
= pi # {1} U {a" ™ | 5 £ 1},

So we have {@"27%1, ... a"7i"""} = [a?i]. Similarly, a"! can be written as a"! =
ko 2ot . n . oon
a’vri +J, then we have bSy = a’{a”i) and so S, = ba’ (a”i).
This completes the proof. O
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= 1,bab = a1
C bla). Then, the
= {0, {1}, [a], (@)}

Theorem 4.2 For an odd prime p, let D, = (a,b | a? = b?
and S = Sy U Sy such that S = S™!, where S; C (a), S>
Cayley graph X (D, S) is integral if and only if S1 € B({a))
and S» = b(a)\{ba’f}, bla) or {ba*} where 0 < k < p— 1L

Proof If S, = {bak}, then X (D), S) is integral by Lemma 4.1. If §, = b(a)\{bak},
then 3 = (p — 1) x {1} U (p —2) * [al, thus dy = 1 and t = |Sy| = p — 1. By
Lemma 4.2, ¢h(S%) is a square number for all 1 < h < LPT_lj, SO are 2Xh(S§).
Therefore, by Theorem 3.3, X (D, S) is integral. Similarly, if S = b(a), we have
S% = px* {1} U p *[a], and so X (D,, S) is integral. We get the sufficiency. In what
follows, we consider the necessity.

Suppose X (D, S) is integral. By Corollary 3.3, we have §1 € B({(a)) =
{0, {1}, [a], (a)} and S% € C({(a)). First suppose that ¢t = |S2| = 1. We have
S, = {ba*} for some 0 < k < p — 1. Next suppose that ¢t = |S>| > 1. We see
that S% is 2-integral because B((a)) has only two atoms. By Theorem 4.1, we have
1S2| = p—1lor p.If|S>| = p—1,weobtainthat S» = b(a)\{ba*} where0 < k < p—1
(note that S = b[a] while k = 0);if | S| = p, we obtain that S, = b(a) = {b}Ub|a].

O

Remark 3 Recall the definition of difference sets. By the proof of Theorem 4.2, we
note that S = bSyisa (p, p — 1, p — 2)-difference set and a (p, p, p)-difference set
in (a) when S, = b(a)\{bak} and S> = b(a) in Theorem 4.2, respectively.

By Corollary 3.3, if X (D,,, S) is integral then §; € B({a)) and S% € C({a)), which
means that S; and S% are clearly found. If we can obtain S, from (7), the integral
X (D, S) will be finally determined by verifying if 2, (S%) is square number (see
Theorem 3.3). However, it seems difficult to do this even if n is a prime. Example 2
provides aninstance that S5 = {1, 1, 1, a, a®, a*, a*, a°, a®} = 3%[1]U[a] € C((a)),
but $» = {ba, ba?, ba4} is not of the forms stated in Theorem 4.2 (i.e., $2 = b(a)\bak,
b{a) or {ba*}). Hence X (D7, S,) is not integral by Theorem 4.2. In fact, we have many
such instances, say, S» = {ba, ba3, ba*, ba®} c b(a), where |(a)| = 13, is not of
the forms stated in Theorem 4.2, but S% = 4 % [1] U [a]. Also, X(Dq3, S») is not
integral by Theorem 4.2. Note that in the former example, Sé =bS = {a, a?, a4} isa
(7, 3, 1)-difference set in C7, which is known as the Paley difference set; in the latter
example, Sé =bS) = {a, a3, a*, a8} is a (13, 4, 1)-difference set in Cy3.
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